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3ABSTRACT
The literature reviewed shows that individunl
differences in problem-solving performance can be largely
attributed to the organization of knowledge. In this
study, an instructional means called the structural
diagram was introduced into the instruction of a topic of
school algebra-- arithmetic progressions-- with the
hypothesis that a knowledge structure more similar to the
standard one could be acquired. Methodology of cognitive
science such as protocol analyses was adopted to
investigate the knowledge structure and problem-solving
behaviours.
The pilot study involved the development of
test items for a written test and task-based interviews.
Instructional materials were prepared with reference to
the common mistakes revealed in pilot interviews. In l.he
main study, two Form 3 classes from two schools were used,
one as the treatment group, the other as control..
Instructional method and mathematical reasoning ability
were between-subjects variables, with mathematics
achievement as a covariate. Problem-solving test scores
were criterion measures. Knowledge structures acquired for
a selected sample were inferred from protocols collected
in task-based interviews. Their problem-solving
performance was also observed through protocols.
It was found that the structural diagram could
significantly improve students' problem-solving test score
in routine problems, but not in nonroutine problems, when
mathematics attainment was controlled. The overall test
score also showed significant difference. Hypothesized
interaction effects of instructional method and reasoning
ability level were not found for all three problem-solving
test scores.
4Protocol analyses revealed that the inferred
knowledge structures of the treatment group were
characterized by better acquisition of formulas and
procedures in handling routine problems but no
significant difference was observed in conceptual
understanding and the overall organization of knowledge
items. In problem-solving performance, more frequent use
of working forward or forward searching strategies and
formal algebraic problem representations was observed in
the treatment group. But, the quality of problem
representations especially for harder problems did not
show noticeable difference. In terms of qualitative
comparisons, marginal interaction effects of the treatment
and the reasoning ability level on the acquisition of
knowledge structures, on the use of problem-solving
strategies and on the type of problem representations
employed were observed, the low ability group benefiting
more from the treatment. The statistical and qualitative
analyses yielded consistent findings, the latter providing
clues to explain the former.
When knowledge structures and problem-solving
performance were analysed in terms of good and poor
performance classifications, the results were in general
agreement with those of expert-novice studies. But
backward reasoning and means-ends analysis were almost
absent from strategies used by the subjects interviewed,
contrary to the well-documented finding that novices
tended to use general search strategies.
The results indicated that using structural
diagrams would facilitate the acquisition of some basic
problem-solving schemata. However, it might riot be
effective in fostering conceptual understanding. This was
evidenced by the lack of significant differences in
nonroutine problem-solving score and in the quality of
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1CHAPTER I INTRODUCTION
Background and Problem of the Study
Problem-solving belongs to the highest level of
human intellectual activities. In one form or another, it
is considered as a desirable goal in most educational
programmes. In view of the present rapid expansion of
knowledge, it becomes increasingly important that students
can utilize what they have learned to handle nonroutine
situations and solve novel problems (Simon, 1980). To
some, problem-solving in itself is also regarded as the
best context for learning (Elshout, 1987).
In the past few decades, problem-solving has
been an area of active study for researchers from various
fields which include psychology, education, cognitive
science and artificial intelligence. It has been said to
be a very chaotic research area in psychology (Lester,
1980b Resnick Glaser, 1976). In the late 1950's, the
information processing approach was introduced to
psychological studies in general and problem-solving
research in particular (Reitman, 1965 Newell Simon,
1972). Much of the earlier information processing studies
of problem-solving focused on artificial puzzles and toy
problems to identify general problem-solving processes.
These studies implied that to improve students' problem-
solving performance, general domain-independent strategies
and heuristics should be taught (Glaser, 1984 Resnick,
1985).
2In the past ten years, problem-solving research
has been conducted in the more semantically rich domains
such as physics (Glaser, 1984 Gick, 1986). The former
content-free approach gradually shifted toward a
knowledge-based emphasis in understanding human
intellectual performance. For instance, Goldstein and
Papert (1977) said, [T]here has been a shift in
paradigm. The fundamental problem of understanding
intelligence is not the identification of a few powerful
techniques, but rather the question of how to represent
large amounts of knowledge in a fashion that permits their
effective use and interactions (p.85).
Recent models of problem-solving in specific
domains have focused on knowledge representations,
schemata and mental models. Strategies specific to subject
domains have been documented by cognitive scientists and
educational psychologists (see e.g., Chi, Feltovich
Glaser, 1981 Larkin, 1981, 1983, 1985 Reif Heller,
1982 Kintsch Greeno, 1985 Heyworth, 1988). These
studies have clearly demonstrated that the structure of
the specific knowledge base determines the efficiency of
the problem-solving processes (Glaser, 1984, 1987, 1988).
An important direction of current research in instruction
is to investigate how a body of knowledge is organized and
represented by the learner at different stages of learning
so that it can facilitate problem-solving and lead to
competence in the subject matter (Resnick, 1985 Glaser,
1987).
In the field of mathematics education, since
3the pioneering works of Polya (1945, 1954, 1962, 1965),
problem-solving has also occupied an important area of
concern. During the 1970's, researchers devoted most of
their attention to problem-solving and it is expected to
continue for some time (Lester, 1980b). Two questions have
been raised (Lester, 1983). The first one is whether any
existing psychological theories are adequate to explain
mathematics problem-solving or special theories have to be
developed. The second one queries whether certain
fundamental mathematics problem-solving skills and
processes belong to the domain of mathematics exclusively.
While these two questions cannot be answered thoroughly at
present, it illustrates the trend that there is a growing
interest in theory-based research among mathematics
educators. Furthermore, clinical studies of mental
processes and nonexperimental procedures employing
qualitative analysis have been more widely accepted among
them too (Lester, 1983):
So following the knowledge-based emphasis in
current problem-solving research, it is natural to ask: in
the domain of mathematics, what is the precise
relationship between the knowledge structure of some
specific content possessed by a student and his problem-
solving performance? What is the role of general
strategies in such performance? How can we effect a well-
organized knowledge structure by instructional means? Will
such instructional means significantly affect the problem-
solving performance? These are the problems the present
study is scheduled to explore.
4Purpose of the Study
The purpose of the present study is twofold.
Firstly, it aims at investigating the effects of an
instructional means known as structural diagrams on
students' acquisition of the knowledge structure and
problem-solving performance in a topic of secondary school
mathematics. Secondly, through this direct manipulation,
the relationships between the knowledge structure and
problem-solving processes can also be explored.
More precisely, within the chosen topic for
instruction, the following questions will be addressed:
1. What are the observed individual differences in
students' knowledge structure?
2. What are the observed individual differences in
students' problem-solving performance?
3. In what ways does the use of structural diagrams
affect the acquisition of knowledge structure? Is it
effective in fostering a more well-organized knowledge
structure?
4. In what ways does the use of structural diagrams
affect the problem-solving performance of students?
Will it affect the problem-solving strategies employed
by the students?
5. What are the observed relationships between the
knowledge structure and the problem-solving
performance?
5Significance of the Study
Regarding the significance of this study,
several aspects can be noted. The most obvious implication
concerns with the teaching practice in mathematics. While
a variety of teaching strategies can be employed to teach
mathematics (see e.g., Bell, 1978), structural diagrams
are simple to use and are hypothesized to be effective in
highlighting relationships and procedural rules. If it is
demonstrated to be so, it can be readily incorporated into
the present teaching practice without much difficulty.
Whereas problem-solving research in mathematics
can be described as abundant, this kind of detailed
qualitative analysis of knowledge structure is not so
widely studied compared with those in physics (Romberg
Carpenter, 1986). As a well-organized knowledge structure
should be a desirable goal of mathematics instruction
(Resnick Ford, 1981), studies in this direction could
make contributions in providing an empirical base for
formulating instructional theories. In fact, Glaser (1987)
has pointed out that current instructional research should
explore the knowledge organization at different stages of
learning that leads to competence in various subject
domains.
Although the role of general strategies in
mathematics learning has been controversial in the current
trend of emphasizing knowledge-based strategies, it
appears that general strategies do play a special part in
mathematics problem-solving as many mathematicians and
6theorists believe (see e.g., Polya, 1962, 1965 Greeno,
1980c Schoenfeld, 1979, 1985b, in press Goldin, 1985).
For instance, Schoenfeld (1985b) argued that [P]hysics is
organized and taught according to deep structure. This
consonance of principles and instructional organization
does not hold in mathematics, where it sometimes appears
that the underlying principles of solution and subject
matter presentation are essentially independent of each
other (p.250). While the present study cannot be expected
to do much about this controversy, it may nevertheless
provide some empirical information for further
consideration of the role of general strategies in
teaching mathematics problem-solving.
7CHAPTER II REVIEW OF RELATED LITERATURE
Theoretical Background of Problem-Solving Research
The term problem has a broad and indefinite
scope of use among researchers and labels a variety of
tasks ranging from riddles, mathematical puzzles to
situations in real life. Polya (1962) regarded solving a
problem as finding a way out of a difficulty, a way
around an obstacle, attaining an aim that was not
immediately attainable (p.v). Although Polya gave this
definition in the context of mathematics problem-solving,
it seems to be widely applicable. Newell et al. (1972)
considered that a person is confronted with a problem
when he wants something and does not know immediately what
series of actions he can perform to get it (p.72). It is
generally agreed that a problem can be defined in terms of
three characteristics, namely, givens, goals, and
obstacles (Mayer, 1983).
The experimental study of problem-solving was
begun by Gestalt psychologists, especially by Duncker
(1945), Kohler (1927) and Wertheimer (1945). However, such
research was sporadic until a new theory of problem-
solving based on concepts of information processing and
computer programming was introduced in the late 50's
(Green, 1966). Several psychological schools of thought
have attempted to explain problem-solving phenomena. Three
major psychological approaches can be identified (Green,
1966 Greeno, 1978a Mayer, 1983 Newell, Simon Shaw,
1958). These are the Gestalt approach, the behavioural
8approach and the information processing approach.
These approaches have their roots in different
psychological traditions so that each of them specifies
its own set of important concepts and variables which
correspond to particular aspects of problem-solving
phenomena distinct from the others. Gestaltists considered
problem-solving as the restructuring of components of a
problem in a new way (see e.g., Wertheimer, 1945).
Associationists or behaviourists treated it primarily as a
trial-and-error activity (see e.g., Skinner, 1966). The
information processing approach conceptualized the human
mind as an information processing system capable of
manipulating symbols, switching methods and
representations, and making decisions at different stages
of processing (Newell et al., 1972).
Apart from these three approaches, Rowe (1985)
also reviewed the close connection of problem-solving
research with psychometric studies, in which problem-
solving behaviours were linked to intelligence factors
through correlation models (see e.g., Lee, 1981 Liu,
1982 Rowe, 1985).
Information Processing Theory of Human Problem-Solving
The basic conceptualization of the information
processing view is that human behaviours are the result
of the operation of several separable subsystems of
information processing mechanisms: sensory-perceptual
systems, central processing system (thinking and problem-
9solving), memory system and response systems (motor
control) (Norman, 1981 Palmer Kimchi, 1986). This
theory asserts specifically that thinking and problem-
solving can be explained by means of information
processing. Problem-solving behaviour is described as an
interaction between an information processing system (the
problem solver) and a task environment (Newell et al.,
1972 Simon, 1978). In approaching the task, the problem
solver represents the situation as a problem space which
is his own way of viewing the task environment. These
three components-- information processing system, task
environment, and problem space-- establish the framework
for the problem-solving behaviour (Newell et al., 1972).
Figure 1 shows such a model.
Problem-solving process. Problem-solving can be
considered as composed of two major stages: an
understanding process that generates a problem space and a
solving process that searches for solution within the
problem space (Greeno, 1978a, 1980c Simon, 1978).
However, this order is not invariable. Rather, frequent
alternation between the two stages is observed (Simon,
1978). When a problem is understood, the subject has
constructed a structural network that represents the
relationships among the components in the problem (Greeno,
1973). The solving process can be represented as the
completion of a relational network among the nodes so that
the goal state can be eventually connected to the given
state. This kind of representation was informally used at














Note: the eve' indicates that input representation
is not under control of inputting process
Figure 1. Information processing model of problem-solving
(reproduced from Newell et al., 1972, p.89).
mathematics problems (see e.g., Polya, 1965).
Searchingfor solutions. In this formulation,
problem-solving is thought of as a search through the
problem space for a solution path. Search can be conducted
by random search and heuristic search. When a familiar
situation is encountered, well-formulated systematic
procedures for solution called algorithms may be applied.
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Following the tradition of experimental psychology, most
of early information processing studies in problem-solving
dealt with artificial puzzles, toy problems and simple
tasks so that the interaction of pre-experimental
knowledge with the experimental task variables could be
eliminated (Gick, 1986 Glaser, 1987 Spada, 1987). As
the search for solution usually did not interact with a
rich storage of knowledge, general heuristic strategies
were sufficient. Thus, these research studies aimed at
describing general heuristic processes such as means-ends
analysis, and subgoal formulation without considering the
rich knowledge resources possessed by the person (see
e.g., Greeno, 1978a Hayes Simon, 1977 Newell et al.,
1972 Reed, 1977).
Since the time when psychologists turned to
problems in the more semantically rich domains such as
physics and mathematics, it has been recognized that
general strategies have to adapt to a large structure of
domain-specific knowledge and that a thorough analysis of
this knowledge is a necessary pre-condition to
understanding one's problem-solving performance in that
domain (Glaser, 1987 Spada, 1987). In such knowledge-
based problem-solving, we have to resort to such notions
as schema, mental model, knowledge representation
and knowledge organization for more comprehensive
theories (Gick, 1986 Glaser, 1984, 1987)(for such
studies, see e.g., Gentner Gentner, 1983 Heyworth,
1988 Hinsley, Hayes et al., 1977 Kintsch et al., 1985
Mayer, 1985, 1987 Reif et al., 1982 Schoenfeld, 1985b).
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Role of Knowledge in Problem-Solving
Modern learning theory recognizes that a person
learning facts, concepts, rules and theories has acquired
a large collection of knowledge structures (Greeno,
1980a). Research on expert and novice problem-solving
has shown that the relations between the structure of the
knowledge base and problem-solving processes are mediated
through the quality of the problem representation (Glaser,
1984, 1986). As a person constructs the problem
representation on the basis of his domain-specific
knowledge, the nature of this knowledge organization
influences the quality, completeness and coherence of the
representation (Glaser, 1984, 1986 Greeno, 1977). These
factors in turn determine the efficiency of problem-
solving and learning.
Problem-solving in experts and novices. The work on
problem-solving in experts and novices has been
extensively carried out in a variety of subject-matter
domains including chess, physics, mathematics, computer
programming and the performance of electronic technicians
(see e. g., Chi et al., 1981 Chi, Glaser Rees, 1982 de
Groot, 1966 Glaser, Lesgold Lajoie, 1987 Jeffries,
Turner, Polson Atwood, 1981 Larkin, McDermott, Simon
Simon, 1980 Schoenfeld Herrmann, 1982 Simon Simon,
1978). Fairly consistent-findings have been obtained.
These research studies have indicated that
experts' problem representations are qualitatively
different from that of the novices. Experts possess
13
specific problem-solving strategies relevant to problems
in their domain of expertise so that they seldom need to
use general search processes. Furthermore, the rich
knowledge base of experts enables them to use more
sophisticated procedures successfully. On the other hand,
such strategies are poorly used by novices. They may
sometimes lack the necessary strategies for problems and
have to resort to general search strategies which may be
inadequate for successful solution. Experts, driven by
appropriate specific strategies, usually work forward
while the novices, relying on such general strategies as
means-ends analysis, work backwards in determining
subgoals.
rtooiem categorization anu representation. in their
widely quoted study on physics problem-solving, Chi et al.
(1981) found that novices' representations were organized
around the literal objects and surface features given
explicitly in the.pro1lem statements. Experts approached
the problems on physics concepts and principles. Protocol
analysis suggested that experts' knowledge was organized
around principles and procedural knowledge about their
applicability. Their declarative information was tied to
conditions and procedures for its use and hence their
ready access to solution procedures based on the
underlying principles. Novices' organization of knowledge
contained many surface features in forming their network.
This kind of differential categorization of problems in
terms of surface structure and deep structure for
novices and experts respectively was similarly observed
14
for mathematics problems in the study of Schoenfeld et al.
(1982)
Significance of expert-novice studies. As these
expert-novice studies have indicated, the problem-solving
difficulties of novices can be attributed largely to the
organization of their knowledge base rather than to the
limitations in their general processing abilities (Glaser,
1986). Human ability in managing complex tasks may thus
be due more to fine representations than to complex
computational routines (Keil, 1984). Of course,
metacognitive abilities possessed by experts should not be
underestimated as these can be particularly useful in
unfamiliar situations (Glaser, 1986).
However, based on the literature reviewed, the
instructional implications may not be as obvious as it
seems. While these observations clearly describe the
differences between experts and novices, they do not
indicate nor give sufficient hints for the mechanisms in
the acquisition of expertise. (To be fair, most of these
studies did not make claims on this.) These studies do not
mean that the poor knowledge organization of novices are
to be attributed to poorly taught courses. The expert's
knowledge structure cannot probably be acquired by direct
instruction. Rather, the expertise has been gained through
many years of learning and problem-solving experience.
Furthermore, the present groups of experts under study
were certainly themselves novices many years ago. But, is
it possible that they were previously groups of novices
with special aptitudes in their particular domains? Only
15
longitudinal studies may provide further insight to the
question. Thus, the present expert-novice studies do not
have immediate implications for the content of
instruction.
Nevertheless, as far as instructional research
is concerned, these studies imply that innovative
instructional means have to be invented by considering the
factors that may facilitate the organization of knowledge
presented and the re-organization of learners' existing
knowledge and to be subsequently tested through empirical
studies. On the other hand, expert-novice studies
certainly highlight the significance of knowledge
organization in assessing learning outcomes. As an
indication of the level of acquired expertise, the state
of knowledge organization can give diagnostic data for the
assessment of the learner as well as the evaluation of an
instructional programme.
Schema Theory
The notion of schema. The theoretical concept
schema is a useful notion in explaining how structured
knowledge facilitates problem-solving (Chi et al., 1981
Glaser, 1984, 1986, 1987, 1988). The present use of
schema as a formalism for representing knowledge has
come from research of artificial intelligence where it
plays an important part in organizing large data bases. In
fact,. Rumelhart (1980) has regarded it as the building
block of cognition, the basic element upon which
information nrocessino depends. However, since the nature
16
of the human information processing mechanisms is not
fully understood, the notion of schema may be ambiguous
(Glaser, 1987 Rumelhart, 1980). The psychological
significance of this construct is still a question
(Anderson, 1985). Schema theory attempts to describe how
knowledge acquired is organized and represented and how
these structures can facilitate the use of knowledge in
different ways.
A schema can be defined as a modifiable
information structure that represents generic concepts
stored in the memory (Glaser, 1984). It represents the
information available in our experiences and the usual
sequences of events. New situations are interpreted
through these schemata which integrate new information
with prior knowledge. A relevant schema is activated if
incoming information can fit into a sufficient number of
variables or slots of that schema. An active schema may
then guide and seek information to fill up more slots,
constructing a more complete interpretation of the event
encountered. If it fails to account for certain aspects of
the situation, it may be adopted temporarily, rejected,
replaced or modified (Glaser, 1984, 1986, 1988 Rumelhart,
1980).
Schema and problem categorization. Accoraing to
Silver (1982a), the study of Hinsley et al. (1977) was the
first to make an explicit link between schema theory and
mathematical problem-solving. They used algebra word
problems to trace the process of comprehension. It was
found that college students could categorize word problems
17
into groups of related problems. This categorization could
be given after hearing only the first few words. While
Hinsley et al. were primarily interested in distinguishing
the two different approaches in comprehension, namely the
text grammar approach and the schema approach, their
general conclusion also established the fact that subjects
possessed schemata for standard algebra problems and that
these schemata directed the encoding and retrieval of
information during problem-solving.
Two points concerning their study can be
raised. To show that subjects could categorize problems
very early in the course of reading, problems were read to
them in parts and subjects were prompted to categorize
these problems at each break. This procedure may be
criticised as unnatural. Although the experiment showed
that they could do it, what might happen during
uninterrupted reading of problems remained unknown.
Comparatively speaking, the method adopted by Chi et al.
(1981), allowing the subjects to read the problem freely
and think aloud simultaneously, would provide more
decisive evidence in this respect. Secondly, Hinsley et
al. also claimed that subjects could use schemata in
solving very non-standard problems. This statement
should be taken carefully because their so-called non-
standard problems were actually very standard algebra word
problems with some words directly replaced by nonsense
words. These new problems presented difficulty not in
terms of mathematical sophistication but language
comprehension rather.
18
Schema and problem representation. Recent research
has established that problem representations are formed
essentially through the action of existing schemata
(Glaser, 1987, Rumelhart, 1980)(see also e.g., Chi et al.,
1981 Hinsley et al., 1977 Kintsch et al., 1985). A
familiar problem readily activates an appropriate schema
which can solve the problem. Otherwise, schemata
containing more general strategies may be triggered
instead. The slots of a schema determine which features of
the problem are going to be incorporated into the
representation. Features that do not fit are ignored. Once
the problem is represented, the set of activated schemata
may guide and control information processing. When the
relevant conceptual and procedural knowledge are contained
in these schemata, the problem can be solved. Therefore,
effective problem-solvers certainly possess a rich
collection of schemata that correspond to prototypical
structures of problems (Glaser, 1984, 1986). In the light
of schema theory, the results of expert-novice studies may
be likewise interpreted'. Conversely, these studies also
provide empirical support for this schema formulation.
Problem-solving Process: An integrated model. While
general problem-solving strategies and heuristics are
heavily used in puzzles and toy problems, schema theory
focuses more on the role of knowledge. An integration of
these studies can provide a more elaborate model of the
problem-solving phenomena through these two kinds of

















Figure 2. The problem-solving process
(adapted from Gick, 1986).
When a problem can be solved by the activation
of appropriate schemata, the problem-solving process is
schema-driven, with little search strategies required.
These strategies can be domain-specific or general.
Otherwise, the problem-solver has to resort to some search
strategies such as means-ends analysis, planning or
analogical reasoning. Heuristics introduced by Polya
(e.g., 1945) in mathematics problem-solving belong to this
category. Other general strategies called metacognitive
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strategies may also be necessary in monitoring the
application of methods and procedures during problem-
solving (Flavell, 1976). When a person acquires more
knowledge in a domain, his problem-solving behaviour in
that domain tends to be more schema-driven and corresponds
to more frequent use of domain-specific strategies.
Acquisition of problem-solving schemata. Based on
the review of this integrated model of problem-solving, it
can be suggested that the learning of relevant schemata
for solving problems in a subject domain would be quite
essential. A few questions arise from this consideration.
Firstly, how can such a schema be acquired? What factors
can contribute to its acquisition? Secondly, in what ways
can we implement these in instruction for a specific
subject domain? Thirdly, observe that the more elementary
form of schema-driven problem-solving is restricted to
some sort of standard or stereotyped problems in a subject
domain. This learning task usually occurs at the
foundation stage in secondary schools. Would this kind of
learning hinder the learner's development in the more
flexible type of problem-solving? This last question would
be particularly relevant to researchers of mathematics
problem-solving in which the primary focus of learning and
understanding mathematics is certainly not on solving
standard problems.
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Knowledge Structure, Problem-Solving and Instruction
Although we have discussed only the schema
theory in detail, it must be stressed that psychologists
hold widely different views regarding the representation
of knowledge and the different forms of knowledge. There
is much controversy over the memory structure and the
mechanisms of knowledge acquisition either. However, one
basic idea is shared. In order to account for the human
abilities in storing, retrieving and using knowledge,
psychologists find it necessary to conceive of the human
memories as organized or structured (Anderson Bower,
1973 Greeno, 1980a Resnick et al., 1981 Anderson,
1985).
There are different theories or models for the
human memory but all of them impose the condition of
structures and associations on the knowledge stored in the
long-term memory (or semantic memory). Instead of stating
the exact form of the human memory, the central idea of
their assumption of structuredness is that concepts can be
assessed in structures so that related concepts can be
used efficiently. For instance, schema theory is a
theory about how knowledge is represented and how such
representation facilitates the use of knowledge in certain
ways (Rumelhart, 1980). As reviewed previously, many
researchers have used the notion of schema as a
hypothetical construct for interpreting their observations
and extrapolating their findings.
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Knowledge structure. The term knowledge structure
has been used by semantic memory theorists to refer to the
organization of information stored in the memory, i.e. the
relationships between concepts, facts and propositions
(Resnick et al., 1981). Many recent studies have focused
on how people organize their knowledge. Expert-novice
studies are some typical examples in which the knowledge
structures of experts and novices are contrasted. For
instance, expert-novice studies in physics have indicated
that experts tend to organize their knowledge based on
principles (e.g. Chi et al., 1981 Chi et al., 1982).
Heyworth (1988) has investigated the knowledge
organization of secondary school students in the topic of
volumetric analysis and documented the different mental
representations of concentration, dilution and-
neutralization as used by expert students and by novice
students. Law (1988) has compared the knowledge structures
about motion among junior and senior secondary school
students, and noted the prominent features of `naive
physics' appeared more-often in the junior students.
This kind of knowledge organization has been
studied more widely in the learning of science than in
mathematics (Romberg et al., 1986). One example is Geeslin
and Shavelson's (1975) study of the cognitive structure in
the learning of probability and the effect of a programmed
text on its acquisition. But, Geeslin et al. mainly used
word association technique to assess familiarity with and
relations between concepts. In their achievement test,
items primarily tested comprehension of text materials
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rather than solving problems. Greeno (1976) conducted
another study in representing the knowledge structures of
students' understanding of fractions and simple plane
geometry as conceptual networks and procedural networks.
This study focused more on the performance of students in
utilizing knowledge to solve problems in the topics
concerned.
It is generally agreed that better
understanding and the ability to apply one's concepts and
skills depend on a better organization of acquired facts.
Conversely, analysis of students' knowledge structures
provides a means to evaluate their understanding of a
topic.
Knowledge structure and problem-solving. In this
conceptualization, information and concepts are
established in specific relationship to one another and
learning may consist of constructing new connections and
integrating new items to the network. Referring back to
the two stages of problem-solving (i.e. understanding and
searching for solution), we can see how the knowledge
structure may interact with the processes. The internal
representation of the problem is constructed on the basis
of information retrieved from the memory. The information
given in a problem is then encoded in a way that matches
elements in the subject's knowledge structure. Thus, a
problem is expressed in the subject's own way. Greeno
(1977) has suggested a reasonable hypothesis that when
elements in the problem representation are connected
strongly to other components of knowledge, the subject can
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readily answer interpretative questions about this
structure and relate this structure to other situations.
Expert-novice studies in the early 80's may be interpreted
as giving this idea firm empirical support and in fact
have elaborated it to a great extent.
The more elegant the knowledge structure is
organized, the more probable a problem can be solved in
that specific subject-matter domain. This idea of
connectedness of a problem representation to the subject's
knowledge base resembles the Gestalt psychologists'
emphasis on understanding and insight. (But, Gestaltists
held a distinct view on the nature of such organization.)
Certainly, different representations may call up different
concepts and procedures in the long-term memory (Resnick
et al., 1981). Therefore, to facilitate problem-solving,
instruction should ensure a well-structured knowledge and
maximize the links between concepts and procedures
(Glaser, 1984 Resnick et al., 1981 Spada, 1987).
Instruction to facilitate knowledge organization. To
facilitate the acquisition of ideal knowledge structure,
teachers are advised to teach well-organized materials and
to encourage students to actively link up the ideas
themselves (Heyworth, 1988). In the case of structured
materials, several techniques can be employed: diagrams
showing the hierarchy of key concepts as an introduction,
advance organizers, and other appropriate diagrams such as
time-sequence charts or flow-charts. Recent work on
diagrammatic structures has demonstrated a better recall
of information and it is also suggested that teachers
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should promote different ways of reorganizing knowledge
rather than teach in terms of a single definite structure
(Heyworth, 1988).
To achieve well-structured knowledge in
mathematics, Resnick et al. (1981) suggested that the
subject-matter structure should be revealed by the
instruction and students should have opportunities to
practise new procedures and concepts in different
contexts. Greeno (1978c, 1977) emphasized learning
mathematics with understanding for which three criteria of
judgment were proposed, namely the internal coherence of
the representation of the information, the degree of
connectedness of the information to other pieces of
existing knowledge, and the correspondence of the
representation with the information to be understood.
Based on his idea of understanding, instructional
activities can presumably be evaluated in terms of these
criteria too.
With the advance of technology, new
developments promise innovation in instruction. Computer
technology can provide an interactive environment for
students to handle abstract mathematical ideas in some
concrete and manipulable ways (Papert, 1980). For
instance, Schoenfeld's (1988a) study of students
confronting mathematical functions and graphs in a
computer-based microworld.has demonstrated connectedness
and firmness in their conceptual understanding of these
notions. It has been claimed that the ready manipulation
available in the interactive environment can establish
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more links between the conceptual entities involved.
Content, Cognition and Individual Differences in Problem-
Solving
Problem-solving research has been regarded as
quite non-cumulative and separate studies focused on many
different aspects of problem-solving (Lester, 1980b Rowe,
1985). A wide variety of tasks and problem situations have
been used, thus making comparison between studies
difficult. In this respect, it is useful to classify the
focus of these studies into three categories, namely, the
content, the cognition, and the individual differences in
human problem-solving (Rowe, 1985 Scandura, 1977). Any
problem-solving research would deal with these three
psychological aspects and their interactions to different
extent. Any comprehensive model of human problem-solving
should, as a minimum, involve specifications on these
aspects.
CoKnition. Coghition occupies the key role in
understanding how a successful problem-solver can produce
a solution. The major goal of the psychologists in the
study of problem-solving is to investigate the nature of
the underlying cognitive processes involved. Many
different techniques have been employed to investigate
these cognitive processes, ranging from direct
verbalization of thoughts, clinical observation to
experimental tests.
However, whereas psychologists intend to deal
27
with the problem-solving process in its full complexity,
their studies must involve problem situations which may be
composed of specific problem-solving competencies and
general cognitive processes in unknown proportion. This
causes difficulties in the interpretation of results with
the confounding problem of content and cognitive processes
(Scandura, 1977). Furthermore, such factors vary to
different extent among individual subjects even with the
same task. With regard to such subtle effects of
confounding variables of content, cognition and individual
differences, psychologists are expected either to obtain
only information concerning the general tendencies in
problem-solving behaviour or to construct very specific
model for an individual (Scandura, 1977).
Content. In the study of problem-solving, it is
equally important to identify specific competencies that
are necessary for solving particular classes of problems.
Polya's (1962, 1965) study of mathematics problem-solving
is a significant pioneering work in his field, providing
an informal approach to the kinds of capabilities
necessary for solving many mathematics problems.
Presumably owing to the pragmatic concerns of
educational psychologists, they are relatively more active
in this aspect of analysing content (Scandura, 1977). A
variety of methods such as task analysis and content
analysis are developed for precise formulation of tasks.
Resnick et al. (1976, 1981) proposed task analysis as a
strategy for linking psychological constructs to
instructional concerns. They also explored its relevance
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to the domain of problem-solving, suggesting that task
analysis, formally stated and empirically validated, would
characterize the specific abilities in instructable terms
so that problem-solving could be effected through
instruction. Greeno (1980b) also emphasized the
contribution of task analysis in the issue of teaching
problem-solving strategies in geometry.
Individual differences. Individual differences in
problem-solving ability are also important to a
comprehensive understanding of the problem-solving
phenomena. The causes of the observed differences have to
be investigated. Recent research in developmental studies
and problem-solving of experts and novices has indicated
that a salient difference lies in the possession and
utilization of an organized body of conceptual and
procedural knowledge (Glaser, 1984, 1988). From the
viewpoint of individual differences, research in human
problem-solving involves the construction of appropriate
measures of various cognitive abilities, yielding-test
measures that correlate with problem-solving ability. Such
studies can furnish diagnostic information that can
provide a prescription for educational intervention (Rowe,
1985).
The importance of all these three aspects of human
problem-solving is generally acknowledged although an
individual framework of study may emphasize one or another
factor. A thorough understanding of problem-solving
behaviour should certainly address each one of these
aspects and their interaction. For this, Rowe (1985) made
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the following assertion:
Any research concerned with the question of
how people solve problems must be performed
within a framework which takes into
consideration variables from at least three
major sources of expected variation, namely
characteristics of the psychological
mechanisms which operate during
performance, individual differences, and
the task. A process model of problem
solving should be consistent in terms of
all three domains, and should aim to
account for interactions between these
domains. (pp.15-16)
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CHAPTER III FRAMEWORK OF STUDY
The literature reviewed in the last chapter
sets the theoretical background for applying the
cognitive science methodology to a study of problem-
solving in the domain of mathematics. In this chapter,
issues more specific to research in mathematical problem-
solving are discussed.
Problem-Solving Research in Mathematics
Owing to the nature of mathematics learning,
mathematics educators and teachers are particularly
conscious of the problem-solving performance of students.
According to Lester (1983), past problem-solving research
in mathematics has not been conducted systematically and
is largely atheoretical. Agreement is lack on what
constitutes problem-solving, how performance is to be
assessed, what tasks are suitable for research and what
the key variables are that influence problem-solving
behaviours (Lester, 1980b, 1983). It is observed that the
methodology of cognitive science is now more widely
adopted by researchers in this area of study.
Polya's (1945) well-known four phases for
problem-solving have stimulated much thought among
mathematicians and educators alike. Understanding the
problem, devising a plan, carrying out the plan and
looking back constitute a prescriptive model for learning
to solve problems. However, it has not incorporated any
person or task variables. Research generated by Poiya's
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suggestion usually focused on instruction of heuristics
(Lester, 1985).
Schoenfeld (1985b) offered a theoretical
framework for analysing mathematical thinking or other
higher-order thinking skills. It has been proposed that
problem-solving behaviours in mathematics should be
investigated in terms of four components:
1. cognitive resources-- the body of mathematical
facts and procedures possessed by an individual
2. heuristics-- the general mathematical problem-
solving strategies an individual can use in
difficult situations
3. control-- the competency of an individual in
making decisions on how to apply knowledge and
procedures
4. belief system-- the set of understandings and
perspectives regarding the nature of mathematics
an individual holds
This framework was developed on the basis of
much empirical research by Schoenfeld (and his colleagues)
in the past decade using primarily the cognitive science
methodologies (e.g. Schoenfeld, 1979, 1982, 1983a, 1983b,
1985a, 1985c, 1988b Schoenfeld et al., 1982). In place of
Polya's prescriptive model., it provides a theory that can
interpret observed phenomena, make predictions, and guide
future inquiry in problem-solving performance in terms of
the four components which constitute the cognitive and
metacognitive resources of an individual subject under
study.
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Conceptual and Procedural Knowledge in Mathematics
Knowledge is the foundation for problem-
solving. The distinction between conceptual and procedural
knowledge, though may not be taken as a strict
classification scheme for all knowledge, certainly
provides a perspective to interpret the success and
failure in problem-solving performance (Hiebert Lefevre,
1986). Conceptual knowledge is characterized as knowledge
that is rich in relationships. It can be thought of as a
network linking discrete pieces of information. An item of
conceptual knowledge cannot be an isolated piece of
information and must bear some relations to other units.
Procedural knowledge consists of rules, algorithms or
procedures to solve specific tasks. It is sequential in
nature and may be structured with some procedures embedded
in others as sub-procedures (Hiebert et al., 1986).
However, this distinction should not be made
absolute since rules and structures at one level may be
considered as concepts manipulated by rules at a higher-
level (Lesh, 1985). It can also be argued that the
acquisition of a concept contains the knowledge of a
procedure to distinguish between examples and non-examples
of that concept. Some common procedural errors may be
associated with defects in conceptual understanding.
Furthermore, understanding and interpretation in
mathematical tasks must involve linkages between
conceptual knowledge and procedural knowledge (Silver,
1986).
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Effective instruction demands a thorough
analysis of the knowledge required for a particular class
of tasks (Greeno, 1980c Resnick et al., 1981). It is also
noticed that studies of error patterns can provide insight
into the existing knowledge content and organization
possessed by the learners. The systematic flaws in
performance can be a rich source for understanding common
misconceptions in conceptual and procedural knowledge of
learners and provide diagnostic data for remedial
instruction (e.g., Brown Burton, 1978 Silver, 1986).
Individual Differences in Mathematics Problem-Solvinc
Traditionally, researchers in mathematics
problem-solving have considered individual differences
along two distinct directions (Lester, 1983 Threadgill-
Sowder, 1985 Silver, 1985). One direction is to identify
general aptitudes or individual characteristics which
correlate with problem-solving performance. Research has
been conducted to study factors such as mathematical
background, verbal and reasoning ability, perseverance,
tolerance for ambiguity, spatial ability, field
independence, age and sex (Lester, 1980b, 1983). However,
the information processing model would be promising to
replace this psychometric tradition when such psychometric
measurements can be identified with underlying cognitive
processes (Threadgill-Sowder, 1985).
Another direction is to distinguish the good
and the poor problem-solvers, and describe their
characteristic approaches to problem-solving. The recent
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popular trend in expert-novice studies belongs to this
category. For example, Silver (1979) observed that good
problem-solvers had higher ability in perceiving the
mathematical structures of problems. They could generalize
their method of solution to problems of similar structures
more readily. This trend of studies have also shifted away
from identifying characteristics unrelated to cognitive
behaviours toward those associated with specific mental
processes (Lester, 1983).
Briars (1983) has analysed mathematical ability
in terms of an information processing model. Three
possible sources of individual differences in mathematical.
ability have been identified: differences in basic
information processing skills, content knowledge, and
metacognition concerning mathematics. Many studies' have
investigated the differences in content knowledge (e.g.
Hinsley et al., 1977, Schoenfeld et al., 1982 Silver,
1979). The general conclusion is that able mathematics
students organize their knowledge differently and they
have a rich network of knowledge structure reflecting the
structure of mathematics. But empirical studies in the
other two areas of mathematical ability are comparatively
few (Briars, 1983).
Instruction and Problem-Solving in Mathematics
What kind of teaching would facilitate
students' problem-solving performance? Instructional
experiments which aimed at teaching explicitly some
problem-solving strategies and heuristics are commonly
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found in the research literature of mathematics education.
Effectiveness of such schemes has been demonstrated (see
e.g., Schoenfeld, 1979, 1982 Vos, 1976).
Recent studies on problem perception and
categorization have indicated that students tend to
acquire schemata as templates for understanding problems
and such schemata would influence what information
students would look for in problems (e.g., Hinsley et
al., 1977 Silver, 1979, 1982b). This conclusion has led
to a kind of schema training in which practice is given
to recognition of problem types (e.g., Mayer, 1985, 1987).
However, this instructional suggestion may be doubted to
be the opposite of teaching problem-solving which should
aim at new problems (e.g., Sowder, 1985).
The relevance of expert-novice studies to
instruction similarly has led to different opinions. It
has been suggested that in general, science instruction
should be based on detailed cognitive analysis of the
knowledge required for solving problems and such knowledge
should be thoroughly taught (Glaser, 1988 Heller
Hungate, 1985 Resnick, 1985). Romberg et al. (1986)
proposed that experts' analysis of conceptual maps could
provide a framework for organizing instruction to
emphasize linkages between related concepts. But would it
be the same case with mathematics learning? Based on the
success of a prescriptive model of teaching problem-
solving in mechanics by Reif et al. (1982) which
incorporated the descriptive theories of expert
performance, Heller et al. (1985) suggested that this
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should also be true with mathematics.
In response to these, Goldin (1985) has argued
that science and mathematics learning are different. In
mathematics problem-solving, exploratory activities, trial
and error, and heuristics are very essential, but these
would be undermined if the instructional focus is on the
knowledge content. Silver (1985) doubted these
implications by suggesting that the path from novice to
expert might be discontinuous and some novices might be
only capable of becoming highly experienced novices.
Schoenfeld (1983b, 1985b, 1985c) stressed specifically the
difference in metacognitive skills between experts and.
novices in the domain of mathematics. Greeno (1978b,
1980c) agreed that specific knowledge should be necessary
but doubted it to be too mechanical in some cases and
still maintained that more general concepts and procedures
would lead to greater transfer.
Thus far, in spite of the shared goal of
problem-solving in teaching mathematics, there has still
been little agreement, if not contradicting views, on the
best ways of instruction to enhance it.
The Present Study: An Instructional Ex eriment focused on
the Knowledge Base
The literature reviewed shows that the role of
the knowledge structure in problem-solving is
indisputable. Individual differences in problem-solving
performance can be largely attributed to the differences
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in the organization of knowledge which directly influences
its utilization. What instructional strategies should be
employed to teach this body of knowledge is an important
research question that follows. Factors facilitating the
acquisition of knowledge and development of expertise are
waiting to be explored. On the other hand, researchers in
mathematics problem-solving also put emphasis on the role
of general strategies in mathematics.
Among the instructional experiments conducted
in the area of mathematics problem-solving, evaluation of
courses on general strategies and heuristics has been very
common. Another line of attack stimulated by recent
research has been the study of acquisition of a few
schemata for solving standard problems through repeated
practice or drilling (e.g. Mayer, 1987 Sweller, Mawer
Ward, 1983). The element of understanding may be ignored
and the content and context of learning may be quite
different from that in the usual classroom.
The present study introduces the structural
diagram as an instructional means to expose the
relationships between concepts, highlight the use of
procedures and analyse the structure of mathematical
problems. The content for the present instruction, though
still limited in scope, resembles the usual material in
the curriculum. In this respect, it contrasts with the
kind of experiments which have only focused on a few
schemata.
A structural diagram can show the mathematical
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relationships between concepts and rules in a subject area
or between components in a problem. Polya (1965, chap. 7)
used it to illustrate the solution paths of problems,
though not giving it a specific name. This diagrammatic
technique has also been employed by Anderson, Boyle and
Reiser (1985) in their intelligent tutoring system which
displayed on-screen the structures of geometry proofs in
similar forms known as proof graphs. Anderson et al.
claimed that this facility helped students manage working
memory load so that learning from the problems could be
enhanced.
As an instructional technique, the structural
diagram is hypothesized to have the following functions:
1. facilitating the problem representation
2. enhancing qualitative analysis of problems
3. facilitating the search of solution methods
4. revealing the problem structure
5. emphasizing 'the procedural relations between
the mathematical entities
It is hypothesized that through the emphasis in
linkages between variables, a better understanding of a
topic can be achieved and hence a more well-organized
knowledge structure can be acquired. According to schema
theory, these functions would also facilitate the building
up of problem-solving schemata in the subject area. In
view of the results of expert-novice studies, the
instructional effect on problem-solving is hypothesized to
mediate through the knowledge structure.
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In the present instructional experiment, the
effects of the structural diagram on the knowledge
structures acquired and consequently on the problem-
solving performance would be studied. The relationships
between the knowledge structure and the problem-solving
performance could also be explored. In the following
sections, issues pertaining to the instrumentation are
discussed.
Assessment of Problem-Solving Performance in Mathematics
The instruments employed by the majority of
researchers in mathematics problem-solving are of two
types: (i) paper-and-pencil tests, and (ii) protocol
analysis based on thinking aloud or retrospection
(Lester,1980b Schoenfeld, 1985b). In the past,
researchers tended to rely on quantitative measures of
problem-solving performance (Lester, 1983). Many of the
written tests used product measures rather than process
measures (Schoenfeld, 1982, 1985b).
Written tests. Written tests have the obvious
advantage of easy administration and a large number of
subjects can be assessed within a relatively short period
of time. However, most paper-and-pencil tests for
mathematics problem-solving are unreliable and consist of
routine problems only (Lester, 1980b). The choice-type
test may tend to restrain the subjects' response. The
performance data from written tests are normally handled
by factor analysis and suitable statistical procedures.
This approach cannot give indication of the variety of
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procedures employed by the subjects (Schoen Oehmke,
1980 Schoenfeld, 1985b). In view of these shortcomings,
current attempts in written test construction have focused
more on the types of strategies used, and the structure of
the problem-solving process (see e.g., Collis, Romberg
Jurdak, 1986 Malone, Douglas, Kissane Mortlock, 1980
Schoen et al., 1980 Schoenfeld, 1982)
Protocols and the thinkingaloud technique.
Another data-collection technique is based on protocols
recorded when the subject solves problems. The thinking
aloud procedure is most commonly adopted. Subjects are
required to verbalize their ideas and actions during the
problem-solving process. This is either audiotaped or
videotaped. The recordings are then coded according to
some specific coding schemes of classifying the subject's
behaviours.
Regarding the thinking aloud technique,
Ericsson and Simon (1980) presented an information
processing model of how subjects, when required to think
aloud, verbalized information that were processed in the
short-term memory. Based on empirical studies of their
model, Ericsson et al. concluded that verbalizing
information would not affect cognitive processes unless
the subject was instructed to verbalize those that would
not be attended to otherwise. There are critics of the
method. For instance, Lester (1980a, 1983) maintained that
thinking aloud would affect the performance, and the
problem-solver might tend to talk only about those moves
he thought safe or correct. The procedure might also
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depend very much on the subject's linguistic development.
Introspection and retrospection are two other
related techniques. Introspection differs from thinking
aloud in that subjects are required to analyse their own
thinking during the process. Retrospection requires such
analysis after the problem is solved and the interviewer
may ask the subject questions about the observed
behaviours. Both procedures may suffer the danger of
rationalization (Rowe, 1985). In retrospection, the
subject may mix current knowledge with past knowledge too
(Newell et al., 1972).
Protocol analysis. Following Kilpatrick's (1967)
pioneering approach in coding protocols for statistical
analyses, many researchers have developed detailed schemes
for coding protocols in specific studies (see e.g., Ki,
1986 Liu, 1982 Rowe, 1985). The usual results are
frequency counts of certain types of strategies used by
the subjects and their correlation with other task or
subject variables. This kind of quasi-qualitative analysis
may not provide much insight to the nature of problem-
solving behaviours (Lester, 1983).
Qualitative protocol analysis is becoming more
popular currently. In fact, many expert-novice studies
have employed this approach. Lester (1983) suggested that
multiple criteria for performance should be employed in
both qualitative and quantitative analysis, depending on
the nature of the study. Schoenfeld (1983b, 1985b)
has introduced another framework of macroscopic analysis
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of protocols of solving mathematics problems,
concentrating on the switching of procedures that
manifests metacognitive skills.
Techniques for Assessment of Knowledge Structure
Whereas the ideal knowledge structure can be
obtained by a rational analysis of the subject-matter, the
knowledge structures possessed by people can only be
inferred from their overt behaviours. Various techniques
have been developed by cognitive psychologists. The
following have been employed: measurement of response
latencies, study of written answers and error patterns,
analysis of thinking-aloud protocols, measures of
association among words, task-based interviews, and
conventional experiments based on hypotheses generated
from the above techniques (Chi et al., 1981 Geeslin et
al., 1975 Heyworth, 1988 Resnick et al., 1981 Romberg
et al., 1986 Stewart, 1980 Thro, 1978). However, some
techniques may seem to be rather ad hoc and strategies
have usually been designed for specific studies (Resnick
et al., 1981).
It may be added that computer technology has
also been applied recently in probing people's ideas and
understanding of specific subject-matter (see e.g., Law,
1988 Schoenfeld, 1988a). Through the interactions between
the computer system and the subject, conceptual structures
of the subject can be revealed.
43
Task-based interview. Research studies on human
thought processes and mental representations have adopted
task-based interviews as the primary methodology to
collect data which reflect people's knowledge structures
and mental processes (Heyworth, 1988). For instance, the
studies of Chi et al. (1981), Gentner et al. (1983), and
Schoenfeld et al. (1982) all employed this technique.
While the validity of verbal data collected during such
interviews has been generally acknowledged among cognitive
scientists, the information can only provide some clues to
the internal processes and representations which have to
be inferred from such data.
As task-based interviews were also conducted in
the present study to investigate subjects' knowledge
structures of the subject-matter, this technique will be
discussed in more detail. In general, a subject invited to
a task-based interview is asked questions which probe
conceptual understanding or test problem-solving in a
specific topic. The subject is normally requested to think
aloud during problem-solving. The interviewer starts with
some introductory conversation to put the subject at ease.
Some practice questions to think aloud may be necessary.
When it comes to the actual tasks, the interviewer only
speaks to facilitate the subject's verbalization and
should avoid any remarks that may direct or distract the
subject. After finishing-the tasks, the interviewer may
need to ask questions to clarify some observations. The
interview is usually audiotaped for subsequent analysis.
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Notice that carrying out actual interviews may
not be as simple and direct as it seems. Firstly, some
subjects may feel so nervous that they cannot do much
verbalization and fail to provide the necessary data. Some
just don't have the habit to talk freely. This difficulty
would be particularly serious with pupils of junior forms.
Secondly, the interviewer may sometimes find it extremely
difficult if not impossible to play the role of an
observer and not to interfere especially when the subject




The terms that are used in the present study
are defined below. Some of these terms are particularly
useful in describing the problem-solving behaviours.
1. Problem. A problem is a task in which the subject
is required to attain a goal and the solution cannot be
obtained directly by rote memory. In this study, routine
problems refers to mathematical tasks that are isomorphic
to examples used in the instruction. Other novel tasks are
referred to as nonroutine problems.
2. Problem-solving. Problem-solving is the activities
of the subject, overt and covert, involved in trying to
attain the goal in a problem. (The subject may end up with
a wrong answer or in vain.)
3. Problem-solving performance. This refers to all
overt behaviours of the subject involved in problem-
solving, which include the written solution, thinking-
aloud protocols, and any other observable behaviours.
4. Problem-solving process. This is the process by
which the subject starts from the given information and
tries to attain the goal of the problem.
6. Problem-solving strategy. This refers to any method
or algorithm involved in the problem-solving process. It
can be a method of extracting relevant information from
the given problem, a method of representing the problem in
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a diagram or whatever forms, a method of transforming the
given information, or a method of search for relations
between elements in the problem. The problem-solving
process is basically controlled by the application of
these strategies. Domain-specific strategies are those
applicable in a specific subject area. General strategies
are applicable in a wide variety of domains. Means-ends
analysis and pattern searching are examples of general
strategies.
6. Heuristics. This is a broad class of general
problem-solving strategies which are efficient in
searching for solution paths. In mathematics, methods
discussed by Polya (e.g. 1945) are such heuristics that
can be applied in various topics of mathematics.
7. Problem representation. This is the task situation
as perceived by the subject and consists of the
relationships between the elements in the problem. It may
M
contain errors in the interpretation of the tasks. It may
be different from the perfect problem representation of an
expert in the subject area. However, it is certainly
closely related to the given problem (Simon, 1978). This
can only be inferred from the subject's overt behaviours
such as written solution, diagrams drawn or thinking-aloud
protocols.
B. Subproblem. A subproblem is a problem in itself
formulated from a given problem by breaking it into parts.
The solution of subproblems is usually easier and can
contribute to the solution of the original problem.
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9. Sub goal. This refers to the goal of a subproblem.
10. Thinking-aloud protocoI. This refers to the
verbatim transcript of a cassette recording made of all
verbalizations produced by the subject during the problem-
solving process. It contains a complete record of the
description of the problem-solving process provided by the
subject's thinking-aloud activity. It can indicate the
sequence in which problem-solving is proceeded.
11. Protocol analysis. This refers to the qualitative
and quantitative analyses made on the thinking-aloud
protocols transcribed from recordings made in thinking-
aloud problem-solving sessions.
12. Knowledge structure. This refers to the subject's
organization of knowledge which includes concepts, facts
and procedural rules. It can neither be observed directly
nor be assessed with complete certainty. It is inferred by
the subject's performance in some given tasks in that
knowledge domain. We can only build up such inferred
knowledge structure which should reflect the knowledge
structure possessed by the subject as precise as the
sensitivity of the tools designed should allow. A
knowledge structure is usually represented as a network
showing the various relationships between concepts, facts
and rules. The knowledge structure obtained by a rational
analysis of the subject matter or possessed by an expert
in that domain is referred to as the standard knowledge
structure.
13. Conceptual knowledge. This is characterized as the
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knowledge that is rich in relationships which link up
discrete pieces of information (Hiebert et al., 1986).
Thus, a unit of conceptual knowledge cannot be an isolated
piece of information and must be a part holding relations
with other pieces of information.
14. Procedural knowledge. Procedural knowledge in
mathematics consists of two kinds of information (Hiebert
et al., 1986). One kind is the use of the symbols of the
system and the syntactic conventions for acceptable
configurations of these symbols. The second kind includes
the rules or procedures for solving mathematical tasks.
Procedural knowledge is sequential in nature. Several
levels of procedures may combine to form a super
procedure.
15. Structural diagram. This is a diagram showing the
mathematical relationships between different concepts or
rules in the subject area or between different components
in a mathematical problem. It can illustrate the structure
of a subject area or a mathematical problem. (See examples
of using structural diagrams in the instructional material
shown in Appendix C.)
Hypotheses
In view of the results from expert-novice
studies and the hypothesized functions of the structural
diagrams, the following hypotheses are formulated:
1. There will be qualitative differences in the
inferred knowledge structures between students of
49
good and poor performance, with regard to the
richness of relationships, the organization of
levels of facts, and the reference to procedural
rules.
2. There will be qualitative differences in the
problem-solving processes between students of good
and poor performance, with regard to the
representation of the problem, the structure of
solution, and the type of strategies used.
3. There will be qualitative differences in the
inferred knowledge structures between students of
the experimental group and the control group, with
the knowledge structures acquired by students in thee.
experimental group in general being more close to
the standard knowledge structure. This difference
will be greater for students in the low ability
classifications in the two groups, showing
interaction effect of the instructional method and
the students' ability level.
4. There will be qualitative differences in the
problem-solving processes between students of the
experimental group and the control group, with
students in the experimental group performing better
with regard to the representation of the problem,
the structure of solution, and the type of
strategies used. This difference will be greater for
students in the low ability classifications in the
two groups, showing interaction effect of the
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instructional method and the students' ability
level.
b. There will be significant difference in each of the
routine problem score, the nonroutine problem
score, and the total problem-solving score between
the two groups with the mathematics achievement test
score as a covariate.
6. There will be significant interaction of
instructional method and the students' mathematical
reasoning ability level on each of the three
problem-solving test scores.
Subjects
The pilot study. Twelve students (two Form 6 and ten
Form 5 students of which eight were boys and four girls)
who had learned the chosen topic already were invited to
attend thinking-aloud sessions to solve some problems in
that topic. They came from the same school (referred to as
School P below) but different classes. In terms of general
mathematics performance, four students were chosen from
each of the high, middle and low classifications.
Two classes (one science class and one arts
class) of Form 5 students were then chosen from School P
for a pilot test of a written problem-solving test on the
chosen topic. There were totally 74 students (35 boys and
39 girls) who represented a broad range of general
mathematics performance. According to the test scores
which reflected their performance in this specific topic,
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five students (one, two and two students from the high,
middle and low performance groups respectively) were
chosen to attend thinking-loud sessions for a pilot test
of a revised battery of items for task-based interviews.
The main study. Two Form 3 classes were involved in
the experimental study. The selection was not random and
depended primarily on the willingness of the school
principal to participate. They were from two Anglo-Chinese
subsidized schools (referred to as A and B below) of
comparable academic standard and located in the same
district. In the class selection process, reference had
also been made to students' scores in the mathematics
attainment test which was a common test from the Education
Department administered at the end of Form 2. Since it was
taken about eight months before, the scores served only
as a rough indicator, ensuring that their general
performance in mathematics would not differ greatly. Both
classes contained students of good and of poor performance
in mathematics. Both classes were also one of the
academically better Form 3 classes in their own schools.
The age and sex of these subjects are shown in Table I.
At the ena 01 the insLrucLivii ses iuiiN, U
students were chosen from each class to attend task-based
interviews. There were 3 students from the high and I:he
low ability groups respectively for each class.
Although stuaents from separate schools were
involved, this would not cause much problem in terms of
their mathematics background. Both classes followed
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Table 1








16No. of boys 19
2019No. of girls
3638Total
roughly the same teaching schedule in mathematics during
the academic year. Furthermore, the topic chosen for this
study was not related to other mathematics topics covered
in Form 3. Normally, no Form 3 students would have covered
the chosen topic in any formal way.
Materials
1. Mathematics achievement test.
This test was used for the assessment of
students' mathematics achievement in the mathematics
curriculum. It was adapted from a mathematics test used
formerly as a scaling test in the Junior Secondary
Education Assessment. The. original test was a multiple-
choice test consisting of 52 bilingual items, covering a
wide range of topics in the junior secondary school
mathematics curriculum. As it was designed by the
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Education Department as a public scaling test, the test
items had high reliability.
With reference to the actual Form 3 teaching
schedules of the two participating schools, some obsolete
or inapplicable items were deleted. Three experienced
teachers commented on the suitability and difficulty level
of selected items.' The final test adapted contained 40
items and took one hour to complete (see Appendix A).
2. Mathematical reasoning test.
This test was used for the assessment of
students' reasoning ability with mathematical quantities,
symbols and geometrical figures. It was adapted from a
published battery of multiple-choice items specifically
designed for Form 3 students (Siu, 1979). The original
test had 35 items. Some items were deleted to cut it
short. The adapted test contained 30 items and took 40
minutes to complete (see Appendix B).
3. Instructional material.
The topic chosen for instruction was an algebra
section on arithmetic progressions which should be in the
Form 4 mathematics curriculum. This topic could be
considered as quite detached from other topics in the
curriculum so that effects, of knowledge from other topics
on the study would be reduced. It would not be a difficult
topic for Form 3 students since the basic ideas involved
were sequences of numbers bearing a simple pattern in
which general problem-solving strategies could be applied
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in many cases, even without specific knowledge of the
topic. However, this topic would not be taught to the
same level of sophistication as in Form 4. More difficult
types of problems were deleted.
Based on the standard knowledge structure of
this topic and the common mistakes observed in the
pilot study, instructional materials were designed. The
content and order of presentation of the materials were
next reviewed by three experienced teachers. The
instructional materials were then revised. For students'
use, a printed booklet written in English was also
prepared, covering the content and examples, and
containing the practice questions. The contents were
divided into 4 units to be covered in four one-hour
sessions as outlined in Table 2. (For details, see
Appendix C.) The booklets for both classes would be almost
identical except that structural diagrams were included in
the text for the experimental group. (For using structural




An Outline of the Instructional Material
ContentUnit
Sequence and Arithmetic Progressjon1
* Concepts of sequence and A.P.
* First term and common difference of A.P.
* Formula for finding the nth term of A.P.
2 Terms in an Arithmetic Progression
* Use of the general term formula in problems
involving terms and order of terms
Summation of an Arithmetic Progression3
* Derivation of the summation formulas
* Use of the summation formulas in simple
vroblems
More Examples on Arithmetic Progressions4
* More worked examples in A.F. using all the
formulas covered in Units 1 to 3
1 A.P. stands for `arithmetic progression'.
4. Problem-solving test.
This test was used for assessing students'
problem-solving performance in the topic instructed. The
test was designed with reference to the content covered
in the instruction treatment. Items were developed to test
the following:
(i) the understanding of the basic concepts and the
direct application of formulas in the topic,
(ii) typical problems similar to those demonstrated as
examples,
(iii) harder problems requiring the combination of
several formulas,
(iv) harder problems requiring clear problem
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representations in terms of these mathematics
concepts before formulas could be correctly
applied.
This written test contained two sections.
Problems of the types (i) and (ii) formed the section on
routine problems. Those of (iii) and (iv) -formed the
section on nonroutine problems. Separate scores would be
given to the two sections, yielding the routine problem
score, the nonroutine problem score and the total problem-
solving score.
The first batch of items (with 7 routine and 6
nonroutine problems) were reviewed by three experienced
teachers to ensure validity. It was then pilot tested, the
time allowed being one hour. The test scripts were scored
according to a scoring scheme which allocated marks for
right solution method, right intermediate answers and
promising approaches separately.
Based on the results of the pilot test, some
items were revised. This included changes in wording to
avoid ambiguity, the order of the problems, and one more
simple question to test conceptual understanding. The
scoring scheme was also revised, incorporating some
unexpected responses. The revised version of the test
contained 8 routine problems (5 marks each) and 6
nonroutine problems (8 marks each), the maximum score for
each section being 40 and 48 respectively. Notice that the
test was bilingual to ensure understanding at the literal
level. It was estimated that one hour would be sufficient
for the majority of students to complete the test. As this
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was supposed to be a power test, the time was set to be 1
hour 15 minutes in its administration. (For details of the
test, refer to Appendix D which also includes the scoring
scheme.)
5. Task-based interview.
Items employed in the task-based interview were
to elicit responses that could be used for constructing
the knowledge organization of the subject. Problems were
written to check the subject's understanding of several
basic concepts, mastering of procedural rules, and their
readiness in applying the knowledge.
In the pilot study, problems written were tried
out on twelve students. According to the performance of
the subjects, more problems were written and some were
revised. These items were also assessed by experienced
teachers in terms of the coverage and the expected
responses from subjects of different level of achievement
in the topic. Twenty items were then selected for another
pilot test on five more subjects. Based on their
responses, these 20 items were slightly revised and
rearranged and formed the final batch to be used in the
actual interviews in the main study. The test items ranged
from simple questions, problems involving direct
application of formulas to problems involving a
combination of procedures. They would be presented to the
subject in order of difficulty, with the simplest one
first. Again these items were in bilingual version. (See
Appendix E for these items.)
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Procedures
This research was carried out in two stages,
the pilot study followed by the main study.
The pilot study. In this stage, the instruments for
the main study were developed and pilot tested. Students
who had already learned the chosen topic were interviewed.
The knowledge organization from this investigation also
provided some of information required for the design of
instructional materials to be used in the main study.
Twelve students from Forms 5 and 6 attended
task-based interviews using the first trial batch of
problems. They had learned this topic at least six months
ago. Based on these preliminary data, some items were
revised and more items were written. At the same time, a
written problem-solving test on this topic was developed
and then pilot tested using two classes of Form 5
students. This test was then revised. (The developed
written test would be used for assessing Form 3 students
in the main study so that Form 5 students were not a very
good choice for the pilot test. But, it was impossible to
find classes of lower forms who had learned this topic
because it was usually taught at the end of the Form 4
mathematics curriculum.)
Using the scores from the pilot problem-solving
test, five students of different performance in this topic
were chosen to attend task-based interviews using a
revised set of items. This time, the emphasis was on the
middle and the low performance groups who were expected to
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possess a knowledge structure not close to the standard
one. Their responses would be more useful in making
revision on the items. All task-based interview sessions
were audiotaped and later transcribed as protocols for
analyses.
Results from these studies also contributed to
the preparation of the instructional materials. Special
attentions were given to some common mistakes observed.
Examples were designed to clarify these points. Lessons
were planned with a suitable amount of class exercises.
At this stage, three experienced teachers were
invited to comment on the validity of the test items, the
coverage of the content by these items, and the
appropriateness of the instructional materials.
The main study. The second stage was the main study.
Two classes of Form 3 students participated in the
experiment, one being the treatment group and the other
the control. All the meetings were held after the normal
school hours. Before the instruction sessions, the
mathematics achievement test and the mathematical
reasoning test were administered.
Both classes attended four one-hour lessons
arranged within one week. For each one-hour session,
teaching took about 30 minutes and the other 30 minutes
were spent on classwork and explanation of the solution.
During the lessons, a printed booklet with text materials
and some practice exercises was delivered. The instruction
followed the printed booklet closely to ensure uniformity.
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Instruction was conducted by the same person in both
classes and care had been exercised to ensure equal
enthusiasm and style of presentation in both classes.
Following their usual practice, the medium of instruction
was Cantonese though English text materials were used.
Notice that the instruction on worked examples were almost
identical. Analysis of problem-solving techniques was
given for both classes except that for the experimental
group, this analysis was accompanied by structural
diagrams. Practice questions were done and checked in
class. Further elaboration to students' queries on these
exercises had been kept to a minimum to ensure uniformity
in materials covered. Instructional booklets were
collected at the end of each lesson.
The problem-solving test was administered on
the next day immediately after the instruction sessions.
Six students were selected from each class to attend task-
based interviews which aimed at studying their acquired
knowledge structure of the topic. In this case, three
students were from each of the low and the high ability
groups. These interviews were arranged within one week
from the last day of instruction. It was not practical to
return for a second interview since it was quite difficult
to arrange with the school and the student might forget
the details after one to two weeks. So all chosen subjects
were only interviewed once. The time taken for the
interviews ranged from 1 hour to 1 hour 20 minutes. All
task-based interview sessions were audiotaped and then
transcribed for subsequent analyses.
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In the experimental group, actually 7 subjects
had been interviewed. One of them did not make much
verbalization so that the session had to be discarded and
one more student was interviewed. Furthermore, owing to
infectious disease, 6 students of the experimental group
had been absent from some of the test or instruction
sessions. Their data were deleted from the statistical
analyses. The final sample was such that the control group
consisted of 38 students (19 boys, 19 girls) while the
treatment group had 30 students (13 boys, 17 girls).
Data Analyses
In the main study, the data collected from the
task-based interviews were subjected to qualitative
analysis with the following points of attention:
1. What were the concepts understood by the student?
2. What were the procedural rules learned by the
student?
3. How were these rules related to the various
concepts?
4. What were the common errors in using the procedural
rules? What were the underlying misconceptions?
5. What were the problem-solving strategies employed?
6. How were the problems represented by the students?
7. What were the characteristics of the problem-solving
process?
Knowledge structures obtained from the two
groups of students were constructed and compared in terms
of the richness of relationships, relations with
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procedural rules, levels of organization, and proximity to
the standard knowledge structure of the topic. The
relationships between the knowledge structure inferred and
the problem-solving performance observed were also
analysed.
To test the hypotheses on the problem-solving
test scores, the following statistical method was
employed: two-way analysis of covariance on each of the
problem-solving scores, namely the routine problem score,
the nonroutine problem score and the total problem-solving
score, between the instructional method, and the
students' mathematical reasoning ability level with the
mathematics achievement test score as a covariate.
Limitations
1. In the main study, random assignment of subjects was
not possible and intact groups were used instead. There
was the possibility that some uncontrolled factors had
influenced the results. This also placed limits on the
generalizability of the results obtained to the student
population.
2. Acquired expertise is a matter of learning and
practices for quite a long time. The instructional
treatment in the present study lasted for only 4 hours.
The mathematics content covered only amounted to about
one week's work in the usual mathematics curriculum and
was therefore quite limited. So, we can study only a few
consequences of the learning outcomes within a small
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subject area. The results may be rather limited in scope
in terms of content.
3. One consideration for the choice of the topic
(arithmetic progression) is that it can be treated at
length without much interaction with other topics in
mathematics. (This is similar to the choice of artificial
puzzles in early problem-solving studies to eliminate
knowledge interaction.) This advantage is its own
shortcoming because it would not be a representative topic
in the secondary school curriculum. Thus, the results from
this study of problem-solving performance may not be
generalized much further to other topics in the
mathematics curriculum which usually bear rich
relationships to one another.
4. A precise model for knowledge acquisition of a
learner requires a detailed documentation of the knowledge
structure at different stages of learning. The tools
employed here are not sensitive enough to assess minor
changes and subtle individual differences so that the
present study can investigate only the overall effects of
the instructional programme.
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CHAPTER V RESULTS AND DISCUSSION
The Pilot Study
Standard Knowledge Structure of the Topic Arithmetic
Progression
To prepare the test items and instructional
material for the main study, the standard knowledge
structure of the topic Arithmetic Progression was first
constructed by a rational analysis of the content. Three
experienced mathematics teachers assisted in reviewing the
knowledge content. Figure 3 shows the standard knowledge
structure, representing the organization of the content as
perceived by mathematics teachers. A high-level
descriptive representation is adopted here in which the
knowledge content and their relationships are emphasized.
No claims are made with regard to the precise form of
psychological representations of knowledge within the
human memory. This is primarily because the present study
did not aim at assessing the organization of the long-term
memory and the instruments were not designed for that
purpose. Secondly, as suggested by Heyworth (1988), the
low-level representation which depicts the structure of
the human memory may not be very useful in the educational
context.
An overview of the standard knowledge structure. In
Figure 3, the standard knowledge structure starts with the
central notion of an arithmetic progression at the top
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the common difference are presented at lower positions
which represent the level of conceptual knowledge. The
content shifts from the level of basic concepts to the
knowledge of procedural rules down the structure and
increases in sophistication down the figure and from left
to right. However, it should be noted that conceptual
knowledge cannot be isolated from procedural knowledge.
For instance, procedural rules have to be executed to
distinguish or to identify examplars of these concepts.
Arrows(-) are drawn in to represent strong association
of one item with another. Double-headed arrows( ) can
be interpreted as indicating two items closely inter-
related.
Three major parts can be distinguished in the
diagram. Firstly, the upper part begins with the idea of
an arithmetic progression (A.P.) as a sequence of a
specific pattern of constant difference. Basic
terminologies are defined in terms of a symbolic
representation. Some simple properties are observed. For
example, sub-sequences from an A.P. can be interpreted as
a new A.P. if the same pattern is satisfied. The middle
part deals with the terms generated from some given terms
of an A.P. The formulas and procedures for manipulating
terms and the number of terms are based on a more concrete
representation of an A.P. which can facilitate
understanding of the formulas. The lower part handles the
sum of terms in an A.P. Two formulas are associated with
the calculation of this sum. The derivation of these
formulas rests on a property observed in A.P.'s.
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Notice that the existence of some items in
Figure 3 demonstrates better understanding of the subject
matter. For example, when the idea that
1 n 2 n-1
is related to the summation formulas, these formulas can
be mentally derived easily. When the formula for the
general term is related to a concrete representation of an
arithmetic progression, the formula can be derived by
simple counting. Therefore when a student perceives such
relationships, it may be inferred that he or she gets a
better understanding of these formulas.
`EQN' in the diagram represents the knowledge
of using these formulas to write equations when some
variables on the right side of the formulas appear as
unknowns. Although this is trivial to students of senior
forms, junior students may not immediately recognize `the
utilization of these newly learned formulas as a resource
for setting up equatigns. Alternately, `EQN' can be
interpreted as the knowledge of using the formula
reversibly by algebraic operations.
Here, foundation knowledge of elementary
algebra is assumed and this does not specifically enter
into the knowledge structure shown. For example,
recognition of the algebraic symbols and the suffix
notation (e.g. T1) and the substitution of values into
formulas are taken for granted. Needless to say, general
strategies are also necessary in the execution and the
synthesis of these procedures.
T + T = T + T =
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Figure 3 represents the knowledge structure for
this topic in the secondary school mathematics curriculum
only. On the other hand, to a mathematician, some items
are not important because they can be automatically
deduced within a broader mathematics context. Based on the
standard knowledge structure constructed, questions and
problems were written to tap students' understanding of
these concepts and execution of respective procedures.
instructional materials were written to cover each part of
the knowledge structure.
The Written Problem-Solving Test
The written problem-solving test on this topic
was pilot-tested using two classes of Form 5 students. The
test-scripts were marked according to a scoring scheme,
yielding a routine problem score, a nonroutine problem
score and their total. Table 3 summarizes the statistics
of these test scores. The means of the three scores were
very high relative to their maximum scores, showing that
these test items were quite easy to Form 5 students. These
statistics might also provide a standard to compare the
mastery of the content by the Form 3 students in the main




Means and Standard Deviations of the Scores in the Pilot
Problem-Solving Test
Test Score 1 SDM
4.8031.19Routine Problem Score (35)
11.7833.15Nonroutine Problem Score (48)
15.0064.34Total Problem-Solving Score (83)
No. of subjects = 74
1 The maximum score for each measure is shown in brackets.
Reliability of the test scores. To determine the
internal consistency of the test items, the coefficient
alpha was computed. Table 4 presents the reliability
coefficients of the three sets of test scores.
The reliability of the routine problem score
was slightly low. This was probably because the items were
designed to assess the learning outcome of Form 3 students
later and thus appeared to be relatively easy for Form 5
students. This reason was supported by the high mean and
small standard deviation for the routine problem score in
Table 3. Therefore, a higher reliability coefficient for
this score could be expected in the main study.
Analyses of the written responses. Apart from the
necessity to revise some of the items based on the written
responses collected in the pilot test, errors and mistakes
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Table 4
Reliability Coefficients of Problem-Solving Test Scores in
the Pilot Test
N = 74




were identified. Errors could occur at different stages of
the solution process: (1) understanding and representing
the problem, (2) retrieving or searching for relevant
procedures, and (3) executing the procedure. However,
misunderstanding a problem or an inappropriate problem
representation could not be discovered unless it came to
be solved by some procedures and be written down by the
subject. This laid down some limitations to the present
analyses.
Arithmetic or algebraic slips occurred very
often in the execution stage. These included mistakes in
transposing terms, simplifying algebraic expressions,
substituting values for variables, etc. But they were not
pertinent to the present study. Instead, special attention
was drawn to wrong procedures that were systematically
applied to solve problems. Table 5 summarizes the common
mistakes observed in the written solution. These were
found to be quite typical in the wrong solution of
problems by many subjects. They were also further




Common Mistakes in the Topic Arithmetic Progression as
Observed in the Pilot Problem-Solving Test
Knowledge item Common mistakes observed
Arithmetic • include other sequences (non-A.P.'s)
in calculation without checking theprogression
condition for A.P.'s(A.P.)
First term keep it as a fixed constant without
altering its value when
sub-sequences* are considered
use d= whenCommon difference
(in this case, d should be negative)
keep it as a fixed constant without






consider that (n-m) terms
lie between Tm and Tn
wrong formula:General term
wrong formula: variousSum
A sub-sequence is a new sequence formed by terms
selected from a given sequence.
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With reference to the standard knowledge
structure shown in Figure 3, these common mistakes can be
interpreted as follows. The inclusion of other sequences
that were not A.P.'s into A.P. calculation suggests that
some students did not examine the pattern of constant
difference formally for all the terms particularly when
some irregularities in the sequence were obscured by the
surface information. Problem 13 in the pilot test (i.e.
Problem 14 in the Problem-Solving Test for the main study)
is an example where students applied the formulas for
A.P.'s without noticing that the quantities did not form
an A.P. unless some terms were deleted. (See Figure 4 for
details.) Perhaps, students were not sensitive enough to
pick out such irreguLarities or they had been too quick to
generalize patterns from a few terms in the sequence. This
was supported by the fact that most often, only the
beginning terms were observed in their written solution.
When sub-sequences of a given A.P. were
encountered, some students failed to recognize that the
parameters for the new A.P.'s may be different from the
original one. This occurred if they did not re-order the
sub-sequence as an A.P. in its own right, i.e. giving new
suffixes to the terms:
For decreasing A.P.'s, the common difference d was
sometimes mistaken to be positive. This reflects an
ignorance of the formal definition of d which actually
implies a sign convention such that increasing A.P.'s have
positive d's and decreasing A.P.'s negative d's.
In playing a game of picking up sand-bags, a boy is ached to pick up
9 and-bags and put them into a basket, one at a time. The bags are
arranged in a straight line and the distance between two consecutive
sand-bags is 3 m (see figure). The basket is placed 9 m away from the
last sand-bag B. The bay starts at , pick up sand-bag Bj and runs
to the basket. Then he returns to pick up B and run to put it in the
basket again. This repeats until he puts the last one U.e. B) into
the basket. Find the total distance travelled by the boy in this game.
’’01
丁访莠也、每、冷：？！巧文、旧―反产如
tL i u cUb liart.
[This is Problem 14 in the Problem-Solving Test SL
for the main study.]
The distance travelled (in metres) by the boy can be
»v
represented by any one of the following sequences!
(i) 29, 26, 26, 23, 23, 20, 20, ..., 8, 8, 5, 5
(ii) 29, 52, 46, 40, ..., 16, 10




Which one is chosen depends on how one breaks down the
segments travelled. But in any one of these, there is a
single term (underlined above) which must be taken apart
in order that the remaining sequence can be an A.P. (in
(i), two identical A.P.'s).
Figure 4. Problem 13 in the pilot problem-solving test.
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While there were only a few students putting
down the wrong formula Tn= a+ nd to evaluate the term
Tn in their solution, about ten students had used the
wrong relationships or
to calculate the common difference d. It is interesting
to note that all the three formulas are equivalent
algebraically. But students more easily committed the
error of using the latter two relations. This may be
attributed to the usual slip in counting in which the
number of segments between n points in a straight line is
mistaken to be n instead of (n- 1). The same reason
explains why the number of terms in or between Tm...,
Tn was so often taken wrongly too.
If the procedures shown in Figure 3 for finding
the number of terms and the difference Tm- Tn were
formally executed in such circumstances, these mistakes
would be avoided. Of course, the understanding behind the
procedure is also emphasized in the standard knowledge
structure. However, these two procedural rules do not
appear in any current textbooks and they are seldom
explicitly used by the teachers in their instruction. It
is generally assumed that students can get these
quantities correct by simple counting or subtraction. In
fact, as the written responses in the pilot test showed,
these simple procedures were not systematically employed
by the students in their calculations.
The summation formulas are slightly complicated
compared with other algebraic rules. So, wrong formulas
for summation appeared more often than the general term
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formula. Various expressions were observed and were
probably arised from a hazy memory of the variables
involved. To resolve this difficulty, in the instruction
material for the main study, it is suggested that these
summation formulas should be related to a property of the
sum of A.P.'s, namely that
so that the formulas can be readily understood in terms of
this property as shown in the standard knowledge
structure. It is supposed that when meaning is attached to
the terms in these expressions, the formulas can be
understood and better memorized.
Furthermore, in this topic of algebra, problems
can very often be solved with general algebraic techniques
instead of using specific knowledge of arithmetic
progressions. For example, consider Problem 6 in the pilot
problem-solving test (which is Problem 5 in Appendix D):
The 4th term of an A.P. is 11.
Its 7th term is 35.
Find its 18th term.
Most students in the pilot test solved it by
setting up two algebraic equations:
After solving a and d (a= -13, d= 8), they found the
18th term by calculating a+ 17d= 123. This solution is
excellent algebraically but requires only the knowledge of
the general term formula to express the nth term.
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By contrast, with an elaborated representation
of the A.P. as
where a stroke(--) stands for one common difference d, we
can immediately get by simple arithmetic,
and
This second approach certainly reflects a more flexible
use of the properties of A.P.'s and includes the general
term formula as a special case in
particular).
Briefly to say, effective utilization of
knowledge in the topic can simplify the solution
procedure as shown above. Judging from the written
solution, we may say that the subjects in the pilot test
tended to rely on their general algebraic knowledge. This
is quite probable because these Form 5 students learned
the topic over six months ago and they should be skilful
enough to solve the problems by algebraic methods. Yet,
there is still a possibility that after learning the
topic, some students did not develop an effective
representation of the arithmetic progression to assist
their problem-solving and formulas remained abstract on a
symbolic level. They might solve problems very well on an
algebraic level but might not get a more intuitive
understanding of the elements in the problems. To
mathematicians, more intuition is better than a purely
algebraic representation.
In order to provide effective instruction on
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the topic to all subjects in the main study, these
commonly observed mistakes were clearly brought to
students' attention in the instruction. A concrete
representation of the A.P. as used above was employed to
encourage intuitive counting and checking (see Appendix
C). Before execution of the formulas, the first term and
common difference of the particular A.P. considered were
explicitly identified. These measures ensured that all
subjects would receive a meaningful exposition of the
material before any comparison of their learning outcome
was to be made.
From an alternative perspective, results
depicted in Table 5 also show that students could hold to
wrong procedures and formulas even when these were
obviously inconsistent with simple facts. For example, the
formula Tn= a+ nd which was used by some students
could be immediately rejected either by substituting
n= 1 or 2 or by referring back to the meaning of an
arithmetic progression. (To almost all students, it should
be obvious that T1= a and T2= a+ d.) Procedures in
obtaining the number of terms could be verified or
rejected by direct counting. However, students were
observed to have applied these procedures repeatedly
without noticing the absurdity of their rules.
There may be several reasons. Students might
just handle these formulas only by rote memory. Their
knowledge lacked understanding so that pieces of
information were isolated from other mathematical
knowledge instead of integrated into a coherent network.
As reviewed earlier, conceptual knowledge is characterized
by the richness in relationships. When students did not
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actively relate pieces of information or they were not
encouraged to do so, this state of poor understanding
would continue and wrongly memorized formulas would not be
doubted.
Pilot Task-based Interviews
With the task-based interviews based on the
first trial batch of items, it was found that some kinds
of questions were not appropriate for the purpose of
assessing knowledge structures. Apart from providing hints
for the revision of items, the protocols collected
revealed two points of interest.
Firstly, three subjects from the high ability
group (in terms of general mathematics performance) solved
simple problems smoothly, but with two diverse approaches.
On reading the statements of the problem, two subjects
just built up correspondence between the problem elements
and the formal symbolic representation of the subject
matter. They mainly recalled the relevant formula
immediately upon identifying the essential variables and
directly substituted in the formula to find the answer.
Another subject performed differently. In some cases, he
repeated the reasoning procedure in the derivation of
formulas using the givens and unknowns of the problems.
Reasoning procedures and understanding were exhibited in
his verbalization. The following problem is an example.
The numbers 6, x, (33-x),.., form an A.P.
(a) Find the value of x.
(b) Find the 35th term.
(c) Find the difference between the 10th term
and the 20th term.
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After correctly finding x to be 13 in (a), he continued:
x is 13 so that the common difference is 7.
The 2nd term adds one 7.... The 35th term
adds thirty-four 7. Therefore, 6+ 34 x 7...
[writing down and using the calculator]
244 is the answer.
The underlined statement would not appear if
the subject did not go through the reasoning step again.
He could actually write down the formulas correctly in
other problems. When he was asked about why he did not
apply these formulas in such cases, he gave the following
revly:
I would be more sure of the problem....
The formula can be easily remembered if
I do it this way.
This use of general mathematical strategies can be
considered as a kind of self-justifying steps in executing
familiar procedures. It will make such an attempt to solve
problems a renewing process of learning and understanding
too. (See later discussions on problem representations in
the main study.)
Secondly, the use of backward reasoning was
seldom observed among the interviewees. It was only used
by some more able students in a few problems. In less
routine problems, subjects of better performance very
often worked forward from the givens by breaking down the
problems into stages, each of which was a familiar task.
Subjects of poor performance also proceeded from the
givens but with less well-defined aims. They might be
described as making some random search, substituting the
givens into any formula they would think of. This process
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to generate more variables or expressions was continued in
the hope of reaching the final goal.
Two reasons can be proposed. On the one hand,
the problems in this topic involve a limited number of
variables. Students may learn from practice that when they
work out a sufficient number of parameters, a problem can
normally be resolved. Thus, backward reasoning from the
goal is not necessary. On the other hand, successful
backward reasoning requires a clear formulation of the
goal and givens, an understanding of the relationships
existing between these variables as well as logical
reasoning steps. Less able students may simply not be
capable of working with this strategy. For more able
students, they will perceive a problem in terms of
familiar subproblems rather than a network of
relationships between variables. This tendency may be
explained by the activation of typical problem schemata
during problem solving. This observation further supports
the suggested design of the present study which was
devised to facilitate schema acquisition in mathematics
instruction.
With a revised batch of test items for
interviews, the performance was found to provide
sufficient data for probing the subjects' knowledge
organization. In this second trial, the focus was on
students of poor performance to check whether the
questions would be too difficult for them. Generally
speaking, problem-solving behaviours and understanding of
the topic observed in the pilot task-based interviews were
much liked those in the main study which will be discussed
in a later section.
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The Main Study
Statistical Analyses of Test Scores
Reliability and descriptive statistics of test
scores. For each subject, two test scores were obtained
before the treatment programme. These were mathematics
achievement test score (MAT) and the mathematics reasoning
test score (MRT). After instruction, a problem-solving
test was administered and three sets of scores were
obtained, namely, the routine problem score (RPS), the
nonroutine problem score (NPS), and the total problem-
solving score (TPS). The reliability coefficients for
these tests are presented in Table 6. Descriptive
statistics of these measures are shown in Table 7.
Reliability coefficients for the three scores
MAT, RPS and TPS were acceptable. The other two were below
.75. For the MRT score, students might be unfamiliar with
this type of reasoning test so that the time allowed (40
minutes) was not sufficient for completing the test. For
the NPS score, the pilot test using Form 5 students
yielded a coefficient alpha .78, higher than the value
obtained here. This indicates that these nonroutine
problems might still be quite difficult to the subjects
from Form 3 classes in the main study after receiving
instruction in the topic. This is clearly supported by the
low mean values for NPS in Table 7 as compared to 33.15 in
the pilot test (see Table 3).
82
Table 6
Reliability Coefficients of the Written Tests in the Main
Study
N = 68






Note. TPS= RPS+ NPS
Table 7
Means and Standard Deviations of the Written Test Scores
in the Main Study
Experimental GroupControl Group
(N = 30)(N = 38)






1 The maximum score for each test score is shown in
brackets.
83
Furthermore, one more item had been added to
the routine problem section and the mean score for this
item was 4.38. Taking this fact into account, we can see
that the mean value of RPS for the experimental group when
deducting this item value (i.e. 32.70- 4.38= 28.32) was
still comparable to that in the pilot test (i.e. 31.19).
This observation confirms that subjects in the main study
could attain a level of achievement comparable to those in
a normal course of study at least in the area of routine
problems even though they were two grades junior.
Correlations between test scores. As the measure MAT
would be entered as a covariate in subsequent analyses of
covariance on the problem-solving test scores, Pearson
product-moment correlations were computed among the test
scores and are reported in Table 8 for reference. All
correlation coefficients were found to be substantial.
Table 8
Pearson Correlations among Test Scores













Note. All coefficients are significant (p <.001)
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Comparison of problem-solving test scores for the
two groups. Two-way analysis of covariance (2-way ANCOVA)
was employed to determine if there were group difference
and interaction effect on each of the problem-solving test
scores RPS, NPS and TPS, with instructional treatment and
mathematical reasoning ability level as between-subjects
variables and with MAT as a covariate. Mathematical
reasoning ability level (RL) was defined in terms of the
MRT score.
Table 9 reports the means and standard
deviations of the test scores in each of six cells in the
2-way ANCOVA'S. Table 10 tabulates the results of 2-way
ANCOVA'S conducted on each of the problem-solving test
scores.
Table 9
Means and Standard Deviations of the Problem-Solving Test
Scores in Each Cell in the ANCOVA
Experimental GroupControl Group














ANCOVA Results on Problem-Solving Test Scores Classified
by Instructional Method and Reasoning Ability Level,




10.031515. 14814.02176.040114.09**658.2751Instructional Method (IM)




Subjects were divided into three reasoning ability levels on the basis of the mathematical
reasoning test score. The high and the low levels comprised the top 20% and the bottom 20%
respectively.
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As Table 10 shows, significant treatment
effects were found for the routine problem score (RPS) and
the total problem-solving score (TPS). On the other hand,
the difference in the nonroutine problem score (NPS)
between the two treatment groups did not reach the .01
significance level. This indicates that instruction with
the use of structural diagrams led to better performance
in solving routine problems and in the overall test
performance. But this instruction did not improve the
performance in solving nonroutine problems, contrary to
the hypothesis made.
The findings imply that the use of structural
diagrams facilitated the acquisition of procedures in
solving typical problems, presumably through an explicit
representation of the problem components and their
relationships. The overall test score (i.e. TPS) was
significantly raised probably because the routine problem
score occupied a high proportion in the total problem-
solving score as shown in Table 7 and students could only
attain a relatively low score in nonroutine problems. In
other words, when students were assessed mainly on solving
routine mathematics problems, instruction using structural
diagrams certainly helped to improve the performance.
For the nonroutine problem score, no
significant effect was observed, there are two
possibilities. Firstly, these nonroutine problems might in
fact demand higher ability in setting a problem
representation within the context of arithmetic
progressions before familiar procedures could be applied.
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So, even though one group might be more competent with the
standard procedures in the topic, both groups showed poor
performance in these nonroutine problems because they
equally lacked the general ability in analysing the
situation and representing the problem with familiar
symbols correctly. That is to say, the use of structural
diagrams in the instruction had no specific effect on
general problem-solving ability, particularly the
understanding and representation of a novel problem in
proper form. A second possibility is that the duration of
instruction was not long enough to improve the performance
in general problem-solving strategies. Perhaps, prolonged
use of the method in illustrating problem structures can
achieve some improvement at least in emphasizing the stage
of understanding a problem before searching for methods of
solution. (In later protocol analyses, this stage of
understanding was actually found to be largely neglected
by subjects of the poor performance group in their
problem-solving process)
When the classification of subjects in terms
of mathematical reasoning ability was considered, ANCOVA
results in Table 10 showed that the differences in the
routine problem score (RPS) and in the nonroutine problem
score (NPS) between the three ability levels did not reach
the .01 level of significance. This means that the
performance in these two test scores between the three
ability levels did not vary greatly. Significant
difference was only found for the total problem-solving
score (TPS) between the three ability levels. When a one-
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way ANCOVA was further conducted on the score TPS with
subjects classified into the three reasoning ability
levels, significant differences were found, F(2,64)= 4.65,
MSe= 172.1, p .05. Post hoc comparisons using the Duncan
test revealed that the difference between the high and the
middle ability groups was not significant and the
difference between the low ability group and any other
group reached the .05 level of significance.
These results suggested that the three ability
groups did not differ much in performance when the RPS and
NPS scores were separately analysed. This lack of
significant difference may be attributed to the fact that
while the mean RPS and NPS scores for these groups
followed the trend of the ability levels, the performance
of an individual did not depend so much on the general
reasoning ability as the actual learning in the specific
topic from the instruction programme. This led to high
variance in performance, within these groups so that the
differences did not reach the significance level. In other
words, the learning outcome in each of the two aspects,
namely routine problems and nonroutine problems, did not
bear a substantially high relation with the subject's
mathematical reasoning ability.
When the total problem-solving score (TPS) was
considered, the statistical analyses indicated that the
low reasoning ability group showed significantly poorer
performance. This was probably because the TPS score was
the sum of RPS and NPS so that the between-group variance
had been magnified while the within-group variance
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remained unchanged and this had brought the group
difference to a significant level in the statistical
sense. So, the overall learning outcome of the low
reasoning ability group appeared to be substantially lower
when compared with the higher groups.
Lastly, ANCOVA results also indicated no
significant two-way interaction effects of the
instructional method and the ability level on all the
three problem-solving test scores, contrary to the
hypothesis. It is probable that the treatment in the
instructional programme was not substantial enough to
provoke the higher thinking strategies in the high ability
students. Neither was this treatment long enough to bring
special advantage to the low ability students who in
general needed more time to practise the basic skills.
Another possible reason to explain the findings
comes from the analyses of problem-solving protocols to be
discussed in detail in the next section. It was observed
that there were differences in the use of problem-solving
strategies. In the higher ability group, subjects in the
treatment group could recognize subproblems more readily
in solving less simple routine problems. They just worked
forward with clear subgoals. By contrast, subjects in the
control group had to work on and think along in order to
reach the final goal. That is to say, subjects in the high
ability group made improvement in recognizing more typical
problem structures through the treatment. On the other
hand, for the low ability division, subjects in the
treatment group used less random attempts and they could
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try to aim at some subgoals. In other words, both ability
groups were benefited to some extent from the treatment,
though in different respects so that no significant
interaction effect was observed. If the duration of
instruction could be lengthened to some extent, the
hypothesized interaction effect might be observed when
more able subjects in the control group could also learn
the basic problems more thoroughly without the help of
structural diagrams while less able subjects in the
treatment group could get the maximum benefit from the
instruction.
Analysis of Written Responses in the Problem-Solving Test
Apart from the statistical analyses of the
problem-solving test scores reported in the last section,
a detailed analysis was conducted on the written solution
of the test. This would be expected to provide further
information concerning the usual methods of solution, the
common mistakes, and other special features that might
reveal the subjects' utilization of knowledge in the test.
Although detailed analyses were also carried out for the
protocols collected in task-based interviews, the number
of subjects involved would be highly limited, a little
less than one-fifth of all participating subjects. So,
this qualitative analysis of solutions in the written test
would provide a better picture of the general performance
of the whole sample and give further hints to understand
the group differences revealed by previous statistical
mathnr1a_
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The analysis. included frequency counts for the
use of formulas or specific techniques or the occurrence
of mistakes. Briefly to say, the common errors and
mistakes were very similar to those already documented in
the pilot test (see Table 5). Subjects in the main study
committed more arithmetic and algebraic mistakes
presumably because they were two grades behind the Form 5
students in the pilot test. However, their performance in
some other aspects was different from that of the pilot
study.
Use of standard formulas. Firstly, the three
formulas introduced in the instruction were checked up in
the test scripts to see whether subjects had applied them
or had written them in the usual algebraic form. The
results are presented in Table 11. (Results for individual
problems are tabulated in Table 12.) Although it is not
fair to compare directly these frequency counts between
the two groups because the groups were not exactly
equivalent in terms of mathematical achievement or
mathematical reasoning ability (see Table 7), some general
trends are still obvious. For simplicity, the control and
the experimental groups are referred to as group A and
group B respectively in the tables and subsequent
discussions.
It is observed that subjects in group B could
memorize and apply the formulas better than those of group
A. Confused expressions for the general term formula were
almost absent from group B. More subjects in group B could
master both formulas for summation. There were about half
of the subjects altogether who could only use one
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Table 11
Use of Formulas by Subjects in the Problem-Solving Test of
the Main Study
General Term Formula





no formula observed 4 0 4
38 30 68
Summation Formula










909both formula not observed
use explicitly the property
101= constant to sum
683038
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summation formula. It is quite interesting to notice that
one subject in group A could actually perform summation by
directly using the property of summing the first and the
last terms.
As far as the use of formulas is concerned,
subjects in the main study worked with more counting so
that the wrong formula Tn= a+ nd appeared less often.
In fact, they tended to use the concrete representation
employed in the instruction in solving problems. For
instance, to the same problem discussed previously
(Problem 6 in the pilot test/Problem 5 in the main study),
nearly half of the subjects in the main study worked with
T7- T4= 3d and got it right rather than set up
simultaneous linear equations and solved them wrongly (see
Table 12). This implies that the concrete representation
introduced was more useful for students to manipulate in
understanding elementary problems. It follows that they
could count the number of terms more accurately in most
cases.
Hazy recollection of formulas for summation was
again observed and was more difficult to tackle. Of
course, summation formulas are a bit complicated. Perhaps,
this indicated insufficient practice might be a weakness
of the instruction programme. Although attempts had been
made in the instruction to relate the formulas to some
simple properties of arithmetic progressions, students
might not have grasped it as a clue to memorization of
these formulas. Only one student attempted to sum the
given A.P.'s by using the property explicitly when he just
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could not remember the formulas. (Failure to use the
property to try to sum A.P.'s was also observed in task-
based interviews.)
Furthermore, about: half of them knew only one
summation formula. It is quite interesting to note that
more of them tended to remember the more complicated
formula among the two (see also statistics for Problems 6
and 9 in Table 12). A possible reason is that it is the
more general one. But the instruction aimed at doing the
opposite, starting from the easier formula so that the
complicated one could be derived at will (refer to the
standard knowledge structure in Figure 3). This statistics
implies that the teaching was not too successful in this
respect. The students could not associate the formulas in
the prescribed way.
Other features relatingto problem-solving
strategies observed in the written solution. Next, several
features pertinent to problem-solving methods were also
observed in the written solutions. It should be noted that
each problem required some procedures specific to it which
might not reappear in another problem. So the focus of
this analysis varied among these problems. A list of
features observed in each problem is tabulated in Table 12
for reference. (For details of the problems discussed,
refer to Appendix D.) Generally speaking, in the routine
problems (Problems 1 to 8), subjects of group B made less
mistakes and were more capable to apply the appropriate
procedures. In the nonroutine problems (Problems 9 to 14),
the difference in performance between the two groups
became less noticeable.
Table 12
Analysis of Written Responses In the Problem-Solvine Test
Group A (Central Group)





(a) sequence alternating in sign, not A.P.
(b) decreasing A.P., all negative numbers
(c) increasing A, P., all positive numbers
(d) increasing sequence (all +ve)f not A.I
(e) algebraic expressions in A.P.
No. of correct responses

















Mistakes Group A Group B Total
Use T = a + nd
n
Use the general term formula in other
wrong form such as T = a(n - l)d
Confuse the term with the order of the











Group A Group B Total
Correct procedure
Use to get n - 1
Direct counting by listing the numbers




Set up equations by wrong formulas of Tr
Attempt to set up equations by summation
formula
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Group A Group B Total
Correct procedure
Use simultaneous equations
Use to find d





















Summation by direct addition
Find instead of f wrong-









Find two terms first and then subtract
(correct procedure)
Find the difference directly as a multiple
of the common difference (elegant method)
Find the terms by direct listing of numbe:
Find the difference between sums instead
(wrong interpretation of the problem)
No attempt















Set up algebraic equations in terms of the
first term (correct procedure)
Use the difference between terms to find
both terms (elegant method based on the
property of A.P. fs)
No attempt
Problem 9
Get the correct number of multiples
Get the last multiple correct
Use
Use
Summation by direct addition
No attempt
Problem 10
Set up equation using
(correct approach)
Set up equation using another summation
formula (difficult to solve for Form 3
students) . K
Use
(quick method, cf. Problem 5)
Use a wrong formula for summation
No attempt
Problem 11
Treat the specified sequence as a new A»P
New A.P. with wrong first term
New A. P. with wrong common difference





Summation by direct addition
No attempt





























































Add up two givens to get the sum of tei
terms (correct; equations simpler)
Consider the difference between the two
sums s - s using algebraic expressions
correct; but equations complicated)
Consider the sum of the next 6 terms as th
sum of a new A. P. (correct; elegant and
general method)
Get the sum of the next 6 terns by direci
addition of algebraic expressions
(correct; clumsy)
Confuse the given sums as terms (wrong)
Use the summation formula for the .sum of th
first 6 terms to express the sum of the
next 6 terms (wrong; mistake the conditio:
of application of the formula)
Mistake the sum of the next 6 terms as tl
sum of the first ten terms (probably
misinterpret the problem statement)
No attempt
Problem 13

























Group A Group B Total
Correctly distinguish two A.P.1 s
Cannot distiguish the two A.P.s
First terms of both A.P.fs correct
Common diff. of both A.P. 's correct
No. of terms of both A.P. 's correct
Get the sum by direct addition



























Grout) A Group B Total
Represent the lengths travelled as a
sequence of terms correctly
Represent the lengths travelled as a
sequence of terms with some critical
terms wrong
Mistake the whole sequence of lengths as
an A.P.
Sum the lengths by direct addition
















The concrete representation introduced was
employed by over half of the subjects in their solution to
various problems. This was evidenced by their A.P.'s
being written in the form
or by the division (Tm - Tn) -7- d = m-n-1 directly done
without resorting to the general term formula. Rut they
did not tend to use it in all problems. For example, in
Problem 5, nearly half of the subjects used it. In
Problems 3 and 7, more made use of the general term
formula. Compared with the written responses in the pilot
test, subjects in the main study used general algebraic
techniques less frequently. This observat ion demons t rat es
that the representation introduced would be an effective
tool in problem-solving.
The results also indicate that there were some
students who attempted to solve problems by simply listing
the sequence andor summation through direct addition. In
some cases, they understood the problem but did not have
the formula available for computation or setting up
equations. This happened exclusively in group A (see e.g.,
Problems 3, 6, 7 and 9 in Table 12). In other cases,
mainly the nonroutine problems, subjects might not know
how to relate the problem situation to an A.P. and they
would resort to arithmetic. Besides those subjects
belonging to group A, a few subjects in group B were also
observed in this category (see e.g., Problems 11 and 14 in
Table 12). This observation supports further that subjects
in group B were more competent with the use of formulas
but for nonroutine problems which required more skill in
problem representation, the treatment using structural
diagrams had limited effects.
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It is clearly observed that in harder problems
(e.g. Problems 13 and 14), students in both groups found
difficulty in relating the givens to the A.P. formulation.
Compared with Form 5 subjects in the pilot test, they made
more mistakes in assuming sequences to be A.P.'s without
formally checking the conditions and in keeping parameters
unchanged for new A.P.'s arisen from sub-sequences of
A.P.'s. This indicates that the present instructional
programme could not improve students' performance in these
aspects. However, such weaknesses might be related more to
the general training in solving mathematical problems than
to specific knowledge of the topic.
Another interesting observation is that two
students attempted to apply proportion to terms in an
A.P. in Problem 4 (see Table 12). That is to say, they
when theytried to write down something like
could not find any way out otherwise. This idea of ratio
was never observed among the Form 5 students in the pilot
test. Nevertheless, these two students did not apply the
idea of proportion in other problems, say Problem 5. This
may be explained by~the difference between the two
problems. The information in Problem 4 could fit into a
proportion more easily than those of Problem 5. It may be
speculated that students in the lower grades were more
likely to assume that unfamiliar quantities of similar
nature would bear proportion to each other because they
did not know much about other mathematical relationships
at this stage. Alternatively, these two students might
have actually associated terms in arithmetic progressions
with proportion in their conceptual understanding. This
point has to be left for further exploration.
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Analysis of Problem-Solving Protocols in Task-based
Interviews
Protocols from task-based interviews provided
the raw data for inferring knowledge structures and
studying problem-solving behaviours of the interviewed
subjects. Before presenting the results obtained, the
procedures taken in this analysis are described first to
illustrate the extent to which the results were grounded
on the primary data.
Six students were selected from each of the
control and the experimental groups on the basis of their
mathematics achievement test and mathematical reasoning
test scores. Three students had high scores in both tests
and another three students had moderately low scores in
these tests. (Students of very low scores might not
provide much data in thinking-aloud sessions as the pilot
interviews had shown.) Their problem-solving test scores
corresponded to the good and the poor performance
divisions respectively. However, it should be noted that
problem-solving test scores for the low performance
division in the experimental group were generally higher
than their counterparts in the control group. This has
already been demonstrated in the statistical analyses in
previous sections. (Again, in subsequent discussion, the
control and the experimental groups are referred to as
group A and group B respectively.)
Protocols of these subjects were analysed to
provide information on how the basic concepts were
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conceived, how problems were represented, in what order
the relevant variables were thought of and how the
solution process proceeded. Some verbal answers directly
revealed subjects' conceptual knowledge. For most of the
items, tree diagrams were drawn to represent how a problem
was solved by the subject. This would reveal the use of
procedures and formulas. The problem-solving process could
also be classified accordingly. Answers to retrospective
questions helped to infer processes which were not
verbalized, though not with complete certainty. Other
relevant clues to the analyses also included underlined or
circled words in the questions, key numbers marked on the
script, lines and dots drawn, etc. These were all taken
into consideration in making inference. Results obtainod
from one problem could be further evidenced by results in
other problems. Hypotheses made in analysing one item
might be later rejected by results in another items.
Based on information gathered from all the items
attempted, the knowledge structure of the subject would be
inferred. Besides, the problem-solving behaviours of the
subect was closely observed.
An example of protocol analysis. To illustrate the
procedures, the analysis of a sample protocol together
with the subject's written solution will be described. For
convenience of presentation and reference, protocols were
typed in numbered lines. Dots were added to indicate short
periods of silence. Other comments would be inserted by
square brackets to make it more intelligible. Notice that
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the verbalizations made by subjects were originally in
Cantonese usually with English mathematical terms and were
therefore transcribed in Chinese. But, for the sake of
presenting results here, extracts of protocols were
translated into English.
Consider the sample protocol of subject A36 in
Figure 5. (The code number A36 indicates that the subject
belonged to Group A, the control group.) Problem 15
depicted involves the summation formula as an equation
which is a key step to solution. It is observed that the
presentation of the first term, the last term and the sum
triggered off the formula with n as an unknown (line 2).
The subject, pausing for a moment upon reading the problem
statement, wrote down the equation readily. Later, n was
related to the number of terms which entered into the
second procedure to find d (line 7). However, the subject
paused and remained silent when n was solved (lines 5-6).
To clarify the silent steps, restropective questions were
asked by the interviewer (I) and the subject's (S) answers
were as follows:
I: What prompted you to write down the first
equation here?
S: I don't know... I just think of this formula
which connects all these numbers.
I: Why did you pause when you got n= 14?
S: I am thinking of how to go on.
1: You don't know the use of this value?
S: Not before I am aware that it represents the
number of terms.
I: So, you don't have'a clear plan at start.
S: No.
Item 15 i Task-baaed. Interviews
An A.P,
i.e.
has a sum of 1225
Find the common difference of this A.P.
Protocol of Subject A3 (High Ability Group)
1. £Read the question.J Sum is 1225....
2. 1225 is equal to n over 2 times 42 plus 133.
3. £ Write down the equation.J 1225 is n over 2 times •• 175.
4. n is equal to ... £ an expression by transposing termsj.
5. £use the calculator.]] n is 14.
6. ... n is 14. That is, 133 is ...
7. the 14th term. 14 terms ... 13 ... 13 differences.
8. So, the common difference is 133 minus 42
9. divided by 13.
10. £use the calculator.]] d is 7.














Figure 5 Analysis of a sample protocol and written
qnl 111 i on collected in a task-based interview
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Based on the thinking-aloud protocol, the
written solution and answers to the retrospective
questions, the following results and inference were
obtained:
1. The summation formula was used correctly.
2. This formula could be triggered off by some of the
variables involved. The word `sum' might be
essential in this step.
3. The number of terms and the number of common
differences in between were related correctly.
4. The common difference could be calculated readily
without using the general term formula.
5. The problem representation was presumably in the
usual algebraic notations and the variables
involved were solved as an algebraic problem. When
more was known about the problem (when n was
solved), the situation was perceived to be more
concrete so that the solution could proceed through
a concrete representation of an A.P.
6. The meaning of the algebraic symbols might not be
consciously aware at every stage of the solution
process. That is, the procedures used might be
executed automatically until interpretation became
necessary for relating to the situation.
7. This solution process was classified as forward
searching because the subject worked from the
givens but without a clear plan in mind before some
values were interpreted. (No backward reasoning was
observed however.)
Referring to the standard knowledge structure
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in Figure 3, we could conclude that some specific
knowledge items were observed. For example, this included
the first summation formula which could be used as an
equation and the relationship between the number of terms
and the number of common differences in between. The
association between these knowledge items were inferred
from the way the subject related these items in different
tasks. For example, the summation formula was observed to
be triggered by the key word `sum'. In constructing the
knowledge structure for subject A36, it was also noticed
in other items that he seldom used the summation formula
shown here, and the alternative formula was preferred.
With regard to the subject's problem-solving performance,
less search was involved in simpler problems and the
problem representation was such that the meanings of
algebraic symbols were quite clear from the start.
Sample protocols for the whole sessions of two
subjects, one from each of the high and the low ability
divisions respectively,, are included in Appendix F. As a
matter of fact, it was noted that Form 3 students in
general found more difficulty in verbalization than Form 5
students interviewed in the pilot study. They were less
capable in describing verbally what they were thinking of
or working at. They were less aware of the reasons why
some procedures were being executed or how they came to
solve problems in some specific ways. This might be
because most of them were-not yet conscious in choosing
methods to solve problems at this stage of learning. The
verbalization was particularly poor with some subjects in
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the low ability division. Researchers have to consider
these when planning future studies with younger subjects.
In the next few sections, results from the
protocol analyses will be presented and discussed.
Nevertheless, owing to the small number of subjects
chosen, the comparison made upon the inferred knowledge
structure and problem-solving performance may not be
generalized in every aspect to the whole sample. In fact,
qualitative differences in problem-solving strategies and
knowledge structures certainly existed among any two
subjects. The following descriptive analyses should be
taken to indicate only some trends and prominent features.
Inferred Knowledge Structures of Interviewed Subjects
The knowledge structures for twelve subjects
were constructed by analysing their protocols in task-
based interviews. The basic knowledge items mentioned in
the standard knowledge structure were assessed. Table 13
summarizes the main features observed in their inferred
knowledge structures. Relationships between these
knowledge items, if observed, were primarily the same as
those depicted in the standard knowledge structure (see
Figure 3). Of course, when some items were missing from
the structure, relationships would be modified.
Conceptual knowledge. The basic terminologies were
properly used and understood by almost all subjects. Only,
two of them had shown uncertainty in determining
differences with some special cases of sequences. All
Table 13
A Sumnary of the Features Observed in the Knowledge Structures of Interviewed Subjects
Items in knowledge structure
Good Performance
AO 8 A33 A36 B16 B19 B27
Poor Performance




Distinction between k and T, k





Use () whenever T is given
Use concrete representation for
A. P. in formulating procedures
Us® a and d as two essential
characteristics of any A. P.
Use (c() as an equation
Use (p) as an equation
Use ({) as an equation
Use (£) as an equation
Note indicates correct understanding or correct formula. () indicates uncertainty in understanding
or wrong formula.
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subjects could mention the pattern of constant difference
for an A.P. But later items revealed that the meaning of
difference varied (Items 2 and 3 in Appendix E). Apart
from the correct idea of formal subtraction, some
included the condition of all terms being of the same
sign. Two subjects considered 5, 55, 555, 5555 as an A.P.
and gave the common difference as 5. This indicates
that a conceptual error might be very subtle. In
manipulating given arithmetic progressions, the error
might not surface. It also shows that some students at
this stage might not be able to work strictly on a formal
level. Peculiar examples could cause instability in their
conception.
All subjects interviewed could distinguish
clearly between the order of a term and the term itself.
This would presumably be confused when one of them was an
unknown. For instance, in Problem 2 of the written
problem-solving test, a few subjects made this mistakes
(see Table 12). Of course, this confusion would cause
errors in further calculations. It was also observed that
all of them could discriminate terms and the sum of terms
in the given problem situations.
Since the relationships involved in this topic
were quite simple and straightforward without much
conceptual ambiguity, the subjects could relate and state
the variables in the proper ways in interpreting the tasks
or answering questions. In fact, it is improbable that
the subjects could build up other associations after the
instruction because this topic was quite detached from
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other areas of mathematics apart from simple algebra and
arithmetic. Minor variation was found for the
increasing/decreasing property of A.P.'s. Most subjects
consciously related it to the sign of the common
difference as revealed by their protocols. But two
subjects considered it solely as a condition for checking
A.P.'s. This was not wrong, but the consequence might be
that for A.P.'s given, this property would not be utilized
in relevant ways.
Procedural knowledge. The use of formulas observed
in the protocols followed similar trends as found in the
analysis of the written test (compare Table 11). The
general term formula was known correctly to 3/4 of the
interviewed subjects. The summation formulas were again
more difficult. These formulas could be used by about half
of them as equations. The concrete representation was used
by about half of the subjects in formulating the problems.
This was evidenced by the way they wrote the sequences or
they counted the intetvals between terms. About 3/4 of
them recognized that in solving problems with A.P.'s, the
first term and the common difference were two essential
characteristics which, if known, could be very useful.
In working with formulas, about half of the
students could only use them to compute the unknown on the
left side but could not apply them to write equations (see
Table 13). This may be interpreted as either poor general
algebraic knowledge or unfamiliarity with the topic. The
latter possibility might cause hindrance to students in
handling the variables freely as they could normally do
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in other familiar area.
As far as these twelve subjects were concerned,
wrong formulas did not occur too often. But as for the two
summation formulas, many subjects could only use one of
them and forgot the other entirely. This point has been
noticed in analysing the written test. The conditions of
application of the two formulas slightly differed. It had
been brought out in the instruction explicitly. Students
might not have recognized this point and simply choose to
memorize only the more general one. Alternatively, it may
be speculated that students might believe that it was
sufficient for them to get one way to work out something.
Nevertheless, among all interviewees, the item
on the property of summation was not observed to relate to
the summation formulas. This was probably because after
using this property in proving the summation formulas in
the instruction, it was not mentioned in any other applied
context. But, as students usually ignored the details of
proof, they did not notice the significance of the
property in understanding the formulas. Alternatively, the
algebraic step that connected the property to the formulas
might not be understood properly. Perhaps, if this
property is to be acquired in future instruction, it
should be applied in some practical cases other than the
proof. The link between the property and the formulas
should be given more emphasis too.
Two sample inferred knowledge structures. To give a
lucid picture of the knowledge structures obtained,
Figures 6 and 7 present the inferred knowledge structures
of two subjects as revealed by their protocols and written
solutions. These may be compared with the standard
knowledge structure in Figure 3. Subject A08 belonged to
the high general abi1ity group and performed very well in
the problem-solving test. Subject A12 belonged to the low
general ability group and got low scores in the problem-
solving test. (Protocols of these two subjects are
included in Appendix F.)
In Figure 6, it can be clearly observed that
subject A08 possessed a knowledge structure accurate in
conceptual understanding, containing standard formulas
which could also be executed to form equations and
resembling closely to the standard knowledge structure. In
fact, subject A08 developed her own way of dealing with
the problem given Tm and Tfi , a written form slightly
different from that mentioned in the instruction and
perhaps more susceptible to memory (compare Figure 3). She
employed this procedure in solving many problems. The
concrete representation for an A.P. was confirmed by the
following protocol in handling Item 7:
Item 7 If
find x, y and z.
is an A.P.









[Read the statement.] in A.P...
[Point to the space between the numbers and
unknowns and count.] one, two, .., four
4d is 39 minus 27. [Write the equation.]
d is 3.
So x is 27 + 3 = 30.
y is 30 + 3 = 33.
z is 33 + 3 = 36.
ARITHMETIC PROGRESSION (A.P.)
Pattern: Constant difference
j= Term - Preceding Term
FIRST TERM COMMON DIFFERENCE Distinguish kth term




•f any A.P. a and d









SUM of first n terms
Formula 1: (when T is known)
EQN
Formula 2:
EQN t TJhe formula can be applied to sot up equations.




FIRST THIM COMMON DIFFERENCE Difference:
increasing arder (numbers)
alphabetical arder (symbals)






Terms fram an A.P.
selected in a regular arder
can farm a new A.P.
e.g. addeven arder
GENERAL TERM
far small m, n




Nate. Items with asterisks are wrang ideas ar wrang farmulas.
EQN means that the farmula can be applied ta write equatians.
Figure 7. Inferred knowledge structure of subject A12
(low ability group).
The sequence shown was perceived by the subject
in the form T T T T T where —' stood for one common
difference when she counted them (lines 2-3). When sub¬
sequences were encountered in Items 8 or 18, the subject
was observed to relate readily the new common difference
to the original one and calculate the number of terms
immediately. For instance, in Item 8(d), we have the
following protocol and lines 2-4 illustrate the immediate
procedure of processing a new A.P.:
I tern 8 Given an A.P. 3, 9, 15, 21,
(d) Find the following sum:
3rd term + 6th term + 9th term
... + 15th term + 18th term
Protocol of subject AQ8
1. The 3rd term, the 6th term, ..., yes, an A.P. again
2. There are .. 6 terms altogether.
3. The new common difference is greater...
4. should be 3d, ... i.e. 3 times 6 , 18,..
5. The 3rd term is 15 [given]
6. So the sum is [write down the second summation
7. formula that involves a, d and n ]
Her calculation was correct and this part was omitted for
simplicity.
s
Figure 7 shows the knowledge structure of a
subject of poor performance in the topic. Some knowledge
items contain wrong idea or wrong formulas. Subject A12
attempted up to 17 items in the interview (20 items
available). It was observed that she held more
restrictions to test A.P.'s. In fact, in distinguishing
A.P. s, she rejected the sequence —3, 1, 5, 9, 13 (Item
2(c)) to be an A.P. by the reason that there were both
positive and negative numbers. For sub sequences, she
certainly did not understand the underlying conditions. In
Item 8(d), when she was asked why she said the given
sequence was an A.P. (this same item has just been
mentioned for subject A08), she gave the following answer:
S: These numbers [refer to the suffixes] are multiples
of 3.
I: Yes, these are multiples of 3. But that means ...
S: These show a regular pattern.
I: What pattern?
S: ... even or odd numbers or multiples
I: How about T3 T8' T13' T18 [writing down] ?
Is it an A.P.?
S: .... of course not.
Subject A12 used simple arithmetic and listed
the sequence exhaustively in many cases. Only the general
term formula was known to her. When manipulating terms,
the relationship between Tm , Tn and d was used only for
terms with values given and small m and n's. For summation
of A.P.'s, it is interesting that she could start by
adding the first and the last terms, the second and the
second last terms, but could not go on if there were too
many terms to be added. So she knew this property of the
summation of A.P.'s. But she could not utilize this
property effectively to relate to the summation formulas,
indicating that she was weak in general algebra. For sums
of many terms, a wrong formula was employed instead (see
Figure 7), and gave results which seemed absurd to her
too. For instance, she did expect sums to be integers in
most cases but the wrong formula did not do so in some
cases (when the numerator was an odd number).
When the knowledge structures of subjects A08
and A12 just described are compared, differences can be
observed in the following aspects.
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1. the accuracy in understanding basic terms,
2. known properties related to these items,
3. the availability of procedures and formulas,
4. relationships between items,
5. the closeness to the standard knowledge structure.
Briefly to say, subject A08 possessed a knowledge
structure that was more close to the standard knowledge
structure (cf. Figures 3, 6 and 7). Basic notions were
correctly understood. More procedures and properties were
known and more proper relationships were built up between
these items.
Differences in the inferred knowledge structures
between students of good and poor performance. When
subjects were divided into two groups in terms of their
performance in the problem-solving test, the differences
in their knowledge structures could he compared as shown
in Table 13. Differences were found to be significant in
terms of the accuracy of conceptual understanding and the
knowledge of procedural rules.
Subjects in the poor performance group tended
to include other surface features of the sequences in
checking for A.P.' s. The concept of difference might be
interpreted in ways other than formal subtraction. In
terms of the knowledge of formulas, subjects in the poor
performance group were only moderately competent with
manipulating terms and were very weak in working with
summation. Most subjects in the good performance group
could use the formulas in setting up equations. But, this
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was only the case with the general term formula in the
poor performance group. Furthermore, only a few subjects
in the good performance group showed the knowledge of the
conditions for choosing between the two summation
formulas, but none in the poor performance group. As noted
previously, in both good and poor performance groups, the
item on the property of summation was not observed to
relate to the summation formulas.
While Table 13 cannot show the relationships
between the knowledge items, the two sample knowledge
structures discussed in the last section in fact
demonstrated the typical differences found in knowledge
structures between the good and the poor performance
groups. Referring to Figures 6 and 7 as examples, we can
see that subjects of the good performance group possessed
knowledge structures with more relationships built up
between knowledge items and the overall structures were
more close to the standard structure so that the
organization of concepts and formulas was more coherent.
By contrast, the knowledge structures of subjects in the
poor performance group were less similar to the standard
structure and less coherent. For instance, in the
knowledge structure of subject A12 (Figure 7), items such
as the one on the concept difference and the one on
(Tm- Tn) were related to other items with improper
understanding of procedures or concepts.
These differences were as expected and were in
close agreement with the results from other expert-novice
studies. To account for these differences, it is simply to
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note that on the one hand, the knowledge structure was
inferred from the problem-solving performance. On the
other hand, this hypothesized construct directly
influenced problem-solving. A problem encountered would be
represented in an appropriate form by retrieving relevant
concepts and rules. The readiness and effectiveness in
solving problems among students in the good performance
group were attributed to the correct conceptual
understanding and the rich relationships existed in their
knowledge structures. It was also noticed that the more
relationships found in the knowledge structures, the less
possible that knowledge items held would be inconsistent
with each other.
Differences in the inferred knowledge structures
between students of the control group and the experimental
group. When the twelve subjects were divided into two
groups in terms of the instructional method, i.e. group A
and group B, the variation in knowledge structures within
either group and between the groups could also be seen
from Table 13. That is, subjects of code numbers starting
with A are compared with those starting with B.
As discussed in the last section, the good
performers in both groups had similar coherent knowledge
structures with rich networks of relationships. Although
there were some differences such as the condition for
applying the summation formula, these differences in minor
details should not be magnified to an inappropriate extent
when the small number of subjects involved was taken into
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account. Briefly to say, knowledge structures did not
differ significantly for the good performers in the
control and the experimental groups with regard to
conceptual knowledge, formulas and procedures and
relationships between these items.
On the other hand, when subjects in the poor
performance range were compared, subjects in the
experimental group (group B) showed a significantly higher
familiarity with the formulas. They could more readily
execute these formulas in direct computation. More
subjects in group B grasped the first term and the common
difference as two essential characteristics that were
useful in approaching problems. Poor performers in the
control group (group A) were quite weak in using the
general term formula and almost unable to recall. the
summation formulas. However, relationships between
conceptual knowledge items were more or less similar.-
These findings supported the hypothesis that
the use of structural diagrams had positive effects on the
acquisition of knowledge structures. However, it cannot be
claimed that knowledge structures in the experimental
group were more close to the standard knowledge structure.
Effects were only observed on the acquisition of the few
formulas which were related to the basic notions of the
topic. The relationships found in knowledge structures of
the two groups were quite similar. Structural diagrams
did not seem to improve the understanding which was an
important element in constructing relationships between
different items of knowledge. This was evidenced by the
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absence of using the concrete representation of an A.P.
in solving problems for half of the interviewed subjects
in both groups altogether (see Table 13). This
representation had been deliberately introduced in the
instruction.
Nevertheless, it was observed that subjects in
the low general ability division of the experimental group
were gaining more from the instruction compared with those
in the high ability division of the same group. They were
more familiar with the standard formulas compared with
subjects in the low ability division of the control group.
So, a weak interaction effect of the instructional method
and the ability level on the acqusition of knowledge
structure was actually detected.
In retrospect, although structural diagrams
could illustrate the structure of problems or display the
relationships between different knowledge units, it might
not be effective enough to foster understanding among less
able students who were presumably not capable of
perceiving structures even when concretely represented.
This may explain why the effects observed above were so
limited.
From the two comparisons made, we can conclude
that subjects of the good performance group possessed
knowledge structures significantly different from those of
the poor performance group in terms of conceptual
understanding and knowledge of procedural rules. Their
knowledge structures contained more relationships
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between items and resembled more closely to the standard
knowledge structure. The use of structural diagrams had
positive effects on the acquisition of knowledge
structures, but the effects were only observed on the
acquisition of the standard formulas and procedures. There
was a weak interaction effect of the treatment and the
mathematical ability on the acquisition of knowledge
structures, favouring the low ability division of the
experimental group.
Problem-Solving Performance Observed in Task-based
Interviews
As discussed in a previous section, analyses of
the thinking-aloud protocols together with the written
solution yielded information which revealed the subject's
problem representation and problem-solving strategies
employed. Observations in these two aspects will be
discussed first before ,making comparisons.
Problem representation. When a problem was
encountered, the subject would produce his or her own way
of looking at the task through reading the problem
statements. This involved the understanding of the problem
situation as perceived by the subject. In the thinking-
aloud protocols, the problem representation could be
inferred from observing the meaning attached to the given
words or information by the subject and the way the
problem was related to the usual terminologies of the
topic. The problem representation played a key role in the
solution process because the subject would choose
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strategies according to how the task was interpreted.
Before the classification of problem
representations are discussed, the types of problems used
should be noted first. Items used in the interviews were
mostly problems set in an algebraic form (see Appendix E).
Only a few of them were applied problems. With problems of
the algebraic type, the terminologies of the topic were
used explicitly in the problem statements. With the
applied problems--- only 4 such items in the batch (Items
14, 17, 19 and 20), terminologies of arithmetic
progressions were not used except in one item (Item 19).
The words used in the problem statements would influence
the problem representation employed by the subjects.
Primarily, three different types of problem
representations were identified from the protocols. They
were named as follows: elaborated algebraic
representation, formal algebraic representation and
arithmetic representation. This classification was based
on the empirical data obtained and would be restricted for
problems used in the task-based interviews only. For
problems in other area of mathematics, this might have to
be expanded.
An arithmetic representation refers to an
understanding of the problem components as numbers with
some kind of numerical relationships. A formal algebraic
representation involves the usual algebraic notations as
used in the instruction to represent the elements in the
problem. But, the understanding of these elements remains
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abstract and relationships perceived by the subject are
restricted to those given by standard formulas. An
elaborated algebraic representation, apart from using the
usual algebraic notations, contains further elements
corresponding to more understanding pertinent to the
problem situation, or relationships tied to the problem at
hand specifically.
An arithmetic representation can be illustrated
by the protocol for Item 12 shown in Figure 8. Subject A38
talked about the given A.P. as simply a list of numbers
with the pattern of constant difference (lines 5-7 and
10). All the problem-solving attempts worked through the
given numbers or other numbers generated by subtraction or
addition (lines 7 and 11). Although A.P. and common
difference were mentioned in the protocol (lines 2,3,5
and 6), the subject did not relate these further to the
formula he knew. He did not even mentioned that n was the
unknown. He could not perceive n because it was not
concretely hinted in the problem. He could only see a
sequence of numbers. From this protocol, an arithmetic
representation was inferred. Note that even with an
arithmetic representation, Item 12 could still be solved
if the numbers were actually being listed. However, we can
say that this representation was not effective enough to
solve many other problems.
The formal algebraic representation was used
most often because it only involved the introduction of
formal algebraic notations. This representation did help
subjects to relate the givens and unknowns to the standard
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Item 12 in Task-based Interviews
Find the sum of the following A.P.:
Protocol of Subject A38
1. [Read the question.] Find the sum.
2. A.P.... How much is the sum?
3. To find the A.P. first.. Yes..
4. Find the terms? No. Find the sum.
5. This is an A.P... 8, 15,...
6. 7, yes 7 is the common difference
7. 78 minus 7 is 71 so. 71, 78.....
8. But how many terms are missing?...
9. Many. Have to list out to add.
10. 1st, 2nd, 3rd terms we have already..
11. Next is 29 [start using calculator]..
12. But can we reach 78? Clumsy way.
13. [Give up the listing.] Any other way?
14..... [Other unsuccessful trials using
15. the calculator to multiply or divide.]
Figure 8. Protocol of subject A38 illustrating
an arithmetic representation of Item 12.
procedures and formulas so that relevant strategies might
be retrieved. Figure 9 presents a protocol for Item 7
which was classified as a formal algebraic representation.
According to the way subject B16 wrote down the equation
(lines 2-3)
it is reasonable to infer that a formal correspondence
between the problem elements and the algebraic formulation
was set up by the subject as follows:
(unknown in this problem)
so that the equation could be written readily with the
f ormula
Item 7 in Task-based Interviews
Protocol of Subject B16
[Read the question.]










which is [Write an equation.]





Figure 9 Protocol of subject B16 illustrating a
formal algebraic representation of Item 7.
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This example in Figure 9 was a correct
representation of the problem which led to the final
solution. However, this might not be always the case.
Students were also observed to use the formal algebraic
representation without clearly understanding the problem.
Figure 10 illustrates such an example. Subject B06 did
notice that numbers not divisible by 3 were to be added
(lines 2, 4 and 8), but when he determined to use the
summation formula, he gave up the attempt to investigate
Item 14 in Task-based Interviews
Find the sum of all the numbers from
1 to 60 which are NOT divisible by 3.
Protocol of Subject B06
1. [Read the question.]
2. Sum of all numbers.. NOT divisible by 3.
3. All numbers between 1 and 60.. Sum.
4....... NOT divisible by 3.... Total...
5. ..[n times] 2a plus n minus 1 times d over 2
6. Ay. What is n? 60... But d should be..
7. Now, I must find the 1st term first...
8..... numbers not divisible by 3...
9. Yes, the first one is 1. Let's try.
10. 60 numbers.. 2 times 1 ..plus 60
11. minus 1 times d divided by 2 [Write this.]
12. to find the sum....
13. But d is still unknown.
14. Is it 3?.. [Substitute and compute.]
15. The answer is 5370.
Figure 10. Protocol of subject B06 illustrating an
incorrect formal algebraic representation
of Item 14.
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these numbers and proceeded to relate the algebraic
formula to the numbers associated with the problem (lines
9-15). Although each of the algebraic symbols eventually
received an input (lines 6, 9 and 14), the answer obtained
was in fact meaningless (line 15). In spite of the
incorrect correspondence set up between the problem
elements and the algebraic formulation, it was classified
as a formal algebraic representation.
An elaborated algebraic representation was
inferred when the subject's protocol contained clear
statements that the specific problem situation was at the
centre of consideration apart from the algebraic
formulation employed in expressing the problem elements:
Figure 11 presents a sample protocol for Item 10 which was
classified as an elaborated algebraic representation. It
is observed that subject A08 worked with the usual
algebraic formulation (note a and d in lines 3, 4 and 7),
but with deep understanding of the elements involved. She
found the common difference readily by mental calculation
(line 3). Then she proceeded to transform the given A.P.
fn nnnthPr with new indices (lines 6-7):
(should be
Although strictly speaking, she had written the notation
and one index wrongly (using the same T and 22 instead of
21), her good understanding could not be denied. She
worked very flexibly with the information given throughout
and was not tied to the formal algebraic expressions. This
contrasted with the formal algebraic representation. For
Item 10 in Task—based Interviews
In an A.P., the 6th term is 20.
and the 11th term is 50.
Find the 27th term.












[Read the question.] O.K.
The 6th term is 20, the 11th is 50.
Then 5d is 30 [by mental computation 50 - 20].
.. d is 6. [Write down d = 6.]
That is, 27 minus 6 is 21.
[Write down 21']
equals a .. a is 20 [This is Tg.] ..
plus 20 [this is (21 - 1)] times 6 ..
which is 120 plus 20 is 140.
[The following expression is written
T21 = 20 + 20 x 6 = 120 + 20 = 140. ]
So, T27 is 140.
Note that the answer obtained was wrong.
Subject A08 had made a slip when she wrote T2j (line 6).
It should be T22 in the new A.P. perceived. The following




Why did you say a is 20?
This [pointing to Tg ] can be treated as the first
term for calculation.
I: Then.
S: The 27th term to be found would be the 21st term
in this new A.P.
I: I see. So you write T21 here'
S: Yes.
Figure 11 Protocol of subject A08 illustrating an
elaborated algebraic representation
of Itern 10 .
Item 10 in Task—based Interviews
In an A.P., the 6th term is 20,
and the 11th term is 50.
Find the 27th term.



















The 6th term is 20.
That is, a plus 5d is 20.
[Write an equation a + 5d = 20.]
Ah. a plus lOd is 50.
[Write an equation a + lOd = 50.]
.. So. solve it.
10 minus 5 is 5. 5d is 30 [by subtraction]
[Write the equation 5d = 30 and]
d is 6. [Write the solution.]
Substituting this, a is 20 minus 30.
[Write a = 20 - 30 = -10.]
So a is -10.
... To find T27....
[Continue.] T27 is a [writing -10]
plus 26 times d [writing 26 x 6 ]
[Use calculator.] is 146. The answer.
Note that the answer obtained was correct.
Subject B17 followed closely the algebraic formulation
throughout and the information given in the problem was
not attended to again once the correspondence between the
problem elements and the algebraic notations had been
es tab1ished.
Figure 12 Protocol of subject B17 illustrating
a formal algebraic representation
of Item 10.
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instance, Figure 12 presents the protocol of another
subject for the same item which was only classified as a
formal algebraic representation. The figure should be
self-explanatory.
Table 14 tabulates the results of classifying
the problem representations employed by the subjects in
tackling the items in the task-based interviews. It should
be noticed that the particular type of problem
representations used did not guarantee success or failure
in solving the problem. The correctness of the solution
can be found in Table 15 (to be discussed later). This has
been emphasized in the previous examples cited. The
crucial point is that the type of representations employed
reflected the understanding of the problems in relation to
the knowledge possessed in this topic. Of course, the
arithmetic representation was very limited in scope if
applied to problem-solving. A formal algebraic
representation was usually sufficient to facilitate
solution provided that' it was correct and the subject
possessed the knowledge of the relevant procedure. An
elaborated algebraic representation would be associated
with elegant solution methods that reflected a good
understanding of the specific area being tested.
As Table 14 shows, the formal algebraic
representation was employed most often, over 2/3 of the
problems attempted. The arithmetic representation was
mainly found among subjects of the poor performance group.
It was also employed by others in novel problems. The
elaborated algebraic representation was mainly used by
Table 14
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A A A A B G
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A A B A A A
A A A A A A
B B A A B A
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BAG B B
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C G B B B
- B - B - B
C C G B B B
C G G B C B
C C G G B
G B B B
- - - B B B
G G C B B B
C C C B B B
- - - - B B
----SB
G - - B B
As Elaborated algebraic representation
B; Formal algebraic representation
n. Arithmetic representation
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subjects of the good performance group. Of course, in
simple problems, subjects of the poor performance group
might use it too
From this table, it can be seen that each
individual subject had a tendency to use certain types.
For example, subject B17 always used the formal algebraic
representation. Subject A38 used the arithmetic
representation nearly 4/5 of the time. On the other hand,
some problems were more susceptible to a particular type
of representation. For instance, Item 16 was tackled by
all subjects using a formal algebraic representation. This
observation may be attributed to the particular context of
the problem such as the elements involved or the
difficulty level. To conclude, we can say that this table
demonstrated that the problem representation was a
function of the task as well as the subject.
One point should be noted before leaving the
question of classifying problem representations. As
discussed in the literature review, the problem
representation may change during the problem-solving
process according to the new understanding or information
attended by the subject. In the present protocol analyses,
it was noted that the details within the problem
representation might change when the subject noticed some
new relationships not perceived before. But, the type of
representation was not affected. In some cases, the
elaborated algebraic representation might be said to be
gradually built up. However, since the items used were
short problems, stages could not be distinguished and
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instead, the overall representation would be inferred from
the data. Another possible reason for this lack of change
in the representation types observed is that subjects from
Form 3 classes were not competent enough in their
metacognitive skills to control their attention during the
problem-solving process so that they could only keep to
one interpretation of the problem situation throughout
except in minor details.
While the foregoing classification could be
inferred with high certainty, it was relatively difficult
to answer how the problem representation came about. The
understanding process could only be inferred and was
usually not verbalized by the subjects. For example, there
was most often a period of silence after a problem was
read. This period of silence was the crucial period when a
representation of the problem was built up for such short
problems used. Retrospective questions could not help'much
because rationalization after solution was highly
probable.
As we have just concluded, the problem
representation depended on both the task and the subject.
The knowledge possessed by the subject certainly played an
important role but how it effected a representation could
hardly be overtly observed. The words or hints in the
problem statements could be influential. The following
general observation might support this hypothesis. It was
observed that subjects could pick up some key words and
interpret the givens and the goals without much difficulty
for algebraic problems. Some might mark these words and
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their values, if any, on reading the problem. These key
words included first term, common difference, kth
term, and sum. (The word A.P. was not particularly
noticed because it seemed to be assumed in all questions
and was in fact redundant.) After setting the problem in
the context of arithmetic progressions by employing the
standard algebraic symbols, they would proceed to search
for solution. This may provide a tentative explanation for
the formal algebraic representation so often used with
some problems (e.g. Items 5, 8, 10 and 16).
With those applied problems where terminologies
of A.P. did not appear explicitly, the problem
representation seemed to be constructed through a basic
assumption probably held by all the subjects attended.
That is, they took for granted that A.P.'s would always be
involved in these problems. The general observation was
that in such cases, students would extract sequences of
numbers from the given information after comprehending the
statements. They would then seek correspondence between
the sequence of numbers and the parameters in the
arithmetic progression formulation, using the usual
notations. Sometimes, this process of generating a problem
representation might be worked out by brute force.
Thus, as discussed above, we can only provide
these tentative explanations for the generation of problem
representations. The present protocol analyses could not
provide sufficient empirical data for inferring the exact
process involved. This important process has to be
addressed by future research.
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Problem-solving strategies. Once an internal problem
representation was constructed, the subject would proceed
to solve the unknowns in some specific ways. Several types
of problem-solving strategies were identified in the
protocols. They were classified as follows: working
forward, forward searching, backward reasoning, and trial-
and-error.
The working forward strategy was usually found
in familiar or typical problems, in which the subject
started from the givens and attained the goal through
procedures well-known to the subject (i.e. schema-driven
problem-solving processes). For instance, the protocol
shown in Figure 9 (refer to p.126) is an example of
working forward strategy. The flow chart for the process
is as follows:
1st term
P. Zy` Eqn. in d d 0- X5th ter
General term formula for
The subject was sure that the equation would yield d which
in turn would give the values of x, y and z directly. He
proceeded to work in this direction without the necessity
to reason (lines 2-3, p.126).
The forward searching strategy was also
characterized by the subject working from the givens. But,
in so doing, one generated some other variables and
attempted to link these to the goal. The sample protocol
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and tree diagram in Figure 5 (p.104) clearly depict such a
problem-solving process. After solving the problem, the
subject was asked about the procedure he used. As his
answer shows (refer to the retrospective dialogue on
p.103), he did not have a clear plan to find the unknown
until some newly computed values became useful.
Another example can be found in Figure 12
(p.130). When subject B17 had found the values of a and d
(lines 10 and 13, p.130), she paused for a moment to
consider the situation. Then she continued to compute the
27th term using these values (lines 14-17, p.130). When
she had finished and was asked why she paused at that
point, she expressed that she knew that with two terms
given, setting two equations to solve a and d usually
worked. But, she just did not know the way until she
actually reached there with a and d computed.
Backward reasoning was a problem-solving
strategy with reasoning backwards from the goal to see if
any relation can link up the givens to the goal. This wns
only observed in five cases by four subjects in the
present study (see Table 15 on p.141 subjects A08, A33,
B02 and B17). Figure 13 shows one of these cases. Subject
B17 began to reason from the values necessary for the
summation formula if the sum was to be calculated (lines
2-4). Then she asked herself how to find n (line 6). These
steps taken clearly demonstrated that she used backward
reasoning in this case.
Item 12 in Task-based Interviews
Find the sum of the following A.P.:
8 + 15 + 22 + ... + 78.




















8 plus 15 plus to sum..
I don't know the number of terms.
Ah. .. the others we know.
[Probably refer to a and d.]
How to find n? Yes. Simple.
8 plus n minus 1 times ..[write 8 + (n - 1)]
15 minus .. [Do mental calculation.
Must be 15 - 8.] 7
[Complete the expression 8 + (n - 1)7.]
equal to ... yes 78
.... [Solve the equation 8 + (n - 1)7 = 78.]
n is 11.
O.K. I can sum now.
N.
S is 11 times bracket 2a [write 8 for a]
plus 10 times 7 .. over 2
[Write S = llx[2x8 + 10x7]2.]
[Use the calculator.] S is 473.
Remark. The reasoning process and the answer obtained
were all correct.
Figure 13. Protocol of subject B17 illustrating the use
of backward reasoning strategy in Item 12
The trial-and~error strategy might also work
sometimes because the numbers involved and the answers to
many test items were simple integers. In fact, some
problems could be reduced to arithmetic problems with
repeated addition or subtraction. Subjects could try out a
reasonable guess to see if it worked. Figure 14
illustrates one such case. The protocol should be self-
explanatory here.
Item 16 in Task-based Interviews
An A.P. has a common difference of 4.
Its 10th term is three times the 5th term.
Find the sum of the 11th term to the 16th term






















[Read the question.] ....
.. An A.P. has common difference 4 ...
The 10th term is 3 times the 5th term..
4 times 3 is 12.... What is the 10th term?
.... 10 minus 5 is 5... [Use the calculator]
2.4 .... no way out...
... 3 times the 5th term... that is
the 10th term ...equal to 5 .. no..
An A.P. has cbmmon difference 4 ...
that is, to find 5th term... that is
10th term divided by 3 .... [pause]....
5.. 5 minus 4 .. no., the 5th term minus
the 1st term times 4 .... no. . .
the 5th term minus the 1st term ... d is 4..
get a ... the 5th term... but 5th term is
unknown .... 4 times 4 , 16,..
3 times the 5th term . . . Tg . . .
... if 10 divided by 3 is Tg no..
10th term is not known...
5th term minus 4 and so on....
cannot get it... [Stop and give up.]
Figure 14. Protocol of subject B06 illustrating the use
of trial-and-error strategy in Item 16
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In the protocol analysis, a problem-solving
process was classified by noting the order of occurrence
of each variable in the protocol and the accompanying
reasoning steps according to the examples shown above.
Table 15 presents the results of classifying the problem-
solving strategies for each problem attempted by the
subjects in the task-based interviews.
In Table 15, it can be seen that the working
forward strategy was used most often, occupying 64% of the
attempted cases. The forward searching strategy came
second, being employed in 21% of the cases. Simple
arithmetic was used in 9% of the cases. The trial--and-
error and the backward reasoning strategies occupied 4%
and 2% respectively, the latter being used in 5 cases
only. Similar to the observation made in Table 14 on
problem representations, some subjects tended to use a
particular type of strategy. For example, subject A33'used
the working forward strategy most of the time. Subject B17
used both working forward and forward search strategies in
high proportion. On the other hand, certain items were
associated with the use of strategies of a specific type
more often. (Notice that unlike the case of problem
representations, a problem can be solved by a variety of
strategies.)
The high proportion in using the working
forward strategy may be attributed to the fact that the
items used in the interviews were mostly familiar
problems. At least half of those harder problems were in
fact not difficult for the high ability group. So, many
subjects could solve them quite readily.
Table 15
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A: Work with simple arithmetic
1: all correct
2: correct method with algebraicarithmetic errors
3: correct method but cannot reach the goal
4: wrong methodapproach
5: understand the problem but cannot make any trial
6: misinterpret fthe problem
7: cannot comprehend the problem
inapplicablegive up after reading the problem
Similar to the pilot study, backward reasoning
was observed only in a few cases. The underlying reasons
might be the same as suggested earlier (pp.79-80). One
further possibility for the subjects participating in the
present instruction is that owing to the small number of
variables involved in this topic, the problem space of any
task was in fact very limited. With sufficient practice,
subjects could get acquainted to almost all possible
combinations of variables which might give solution to
other unknowns. So this may be one reason why general
reasoning strategies were seldom elicited in the task-
based interviews. Either one knew some procedures to solve
a problem or one just didn't know anything in that area at
all. There was no need to search by backward reasoning in
such a restricted problem space. This same reason also
explains why the working forward and forward search
strategies occupied altogether 85% of the observed cases.
From an alternative perspective, we may say
that subjects were actually not accustomed to using search
strategies such as backward reasoning or means-ends
analysis. Encountering harder problems which did demand
some kind of search and reasoning for successful solution,
they very often just worked on from the givens in the hope
of reaching the goal but without a conscious plan. For
instance, Items 13 and 19 are good examples (see Table
15). If these two items were to be solved successfully,
backward reasoning would be quite effective.
It is observed that no subjects interviewed
used the structural diagrams to analyse the problems in
their written solution. The reason may be that the
students just took it as a method to teach and did not
realize its usage in making a problem situation explicit.
All the subjects interviewed did not spend time
to analyse problems before executing some procedures. The
first step was most often an algebraic expression or a
formula to use. This stage of analysing the problem
situation before attempting to solve was particularly
crucial for harder problems. For instance, the protocol
presented in Figure 10 (p. 127) shows that the subject
just struggled to substitute some values into a summation
formula without even writing down some numbers not
divisible by 3 to see what actually were to be added.
Figure 17 (p.150, to be discussed later) illustrates
another case in that the subject gave up a problem
prematurely because he even missed one important
information in the problem statement. (He did not consider
that the given sum was 1225.)
This absence of the understanding stage may be
due to poor training in prescriptive problem-solving
procedures. Perhaps, mathematics teachers seldom addressed
this issue explicitly. While solving familiar tasks could
be mainly schema-driven, novel tasks demanded a more
thorough understanding of the problem situation. This
observation might explain Rartljy why performance in
nonroutine problems of the written test was so poor in
both classes. If improvement in general problem-solving is
desired, this observation has to be taken into
consideration in designing instruction. For this, Polya's
heuristics can help.
H1fferences i n the problem—solving perf orman ce
.Lw.e n students of good a_nd p.c o_r ILfLfL • When
subjects interviewed were divided into two groups in terms
of good and poor performance in the problem-solving test,
differences in their problem-solving processes could be
compared by studying Table 14 (p.132) and Table 15
(p.141). Significant differences were found in the type of
problem representations and the type of strategies used.
Subjects in the good performance group used the elaborated
algebraic representation more often than those in the poor
performance group, reflecting their better understanding
in the topic. They used mainly the working forward
strategy. On the other hand, subjects in the poor
performance group might use arithmetic representations
which were very seldom employed by good performers.
Furthermore, the poor performers used the trial-and-error
strategy and arithmetic techniques much more than the good
performers.
When details of protocols were considered, we
can note the following comparisons by looking at some
protocol extracts. For simple problems, students of good
performance were more ready to pick out key words from
problem statements through which they could immediately
recognize typical problems. Consequently, they could apply
p amiliar procedure to work forward to achieve the goal.
For example, Figure 15 shows the protocol of subject B27
who belonged to the good performance group. In this
problem, it could be observed that the first and the last
terms initiated the general term formula which involved n,
Item 6 in Task-based Interviews (A simple problem)
How many terms are there in the following A.P.:
10, 13, 16, ... , 94 ?
Protocol of Subject B27 (Good performance group)
1. How many terms ... in ... A.P.
2. 10 ... 94 ...
3. If there are n terms, 94 equal to
4. 10 plus (n - 1) times ... common difference
5. is 3. [Write down an equation in n.]
6. 84 is equal to 3 times (n - 1).
7. Both sides divided by 3.
8. [Do mental calculations.]
9. 28 is n-1 ...







10 (fir st term)
94 (last term Equat ion in n
solving
]
n (no. of terms
Figure 15. Protocol of subject B27 in solving a simple
problem (Item 6).
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the number of terms (lines 2-4). Minor details in the
problem such as the value of the common difference did not,
come to the subject's mind until execution of procedures
(line 4). The representation using the standard algebraic
notation by the subject was very effective. Thus, the tree
diagram shows that the process proceeded smoothly. The
overall structure of the solution was simple, goal-
directed and consistent with the knowledge required for
solvins this Problem.
Figure 16 shows another subject B02 solving the
same problem. This subject belonged to the poor
performance group. Although a relevant procedure was
recalled (line 2), the subject did not get a correct
answer as the exact meaning of the division was not
correctly interpreted with respect to the problem elements
(lines 4-5). While he worked forward quite promptly on
reading the problem statement and no search was exhibited
in the process, very much like that of good performance
group, his failure could be attributed to an incorrect
problem representation which in turn was related to his
knowledge base as discussed in the section on knowledge
structures.
With simple problems, a variety of problem-
solving strategies was observed among students of poor
performance though. most of them could be classified as
working forward (refer to the top right quadrant of Table
15). However, their performance was qualitatively poorer
compared with that of the good performance group in terms
of problem representation and the structure of solution,
Item 6 in Task-based Interviews (A simple problem)
How many terms are there in the following A.P.:
10, 13, 16, ... , 94 ?
Protocol of Subject BQ2 (Poor performance group)
1. [Read the question.]
2. [Pause.] 94 minus 10 divided by 3 ...
3. n is equal to ...
4. [Work with the calculator.]
5. 28 ....









n (no. of terms)
- i
3 (common difference)
Note. The answer was wrong here. The subject had not
related correctly the number of terms with the
number of common differences in between.
Figure 16. Protocol of subject B02 in solving a simple
problem (Item 6).
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the difference in the latter being particularly
significant when forward search was made without a clear
goal.
With harder problems, subjects in the good
performance group still worked with forward strategies
(refer to Table 15). This time, either they might
recognize that a problem was a combination of several
basic tasks or they just started with certain subgoals
which they could solve or they believed to be useful
sooner or later. An example of this strategy can be
observed in the protocol exhibited in Figure 5 (p.104)
discussed previously. In this example, Item 15 was in fact
broken into two subproblems, the first one being to find
the number of terms and the second being to find the
common difference. Among good performers, these working
forward/forward searching strategies were observed to be
rather frequent and were actually found to be quite
successful in solving the given tasks (refer to Table 15
where the code number indicates the success or failure to
solve). However, it must be stressed that the success of
problem-solving in these cases should be attributed to the
problem representation generated by the subject and not so
much to the direction of working. As a matter of fact, the
latter could be regarded as an overt behaviour manifesting
the quality of problem representation.
On the other hand, when presented with harder
problems, subjects from the poor performance group did not
switch strategies used in simpler tasks (compare the upper
and the lower parts of the right side of Table 15). They
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again applied any procedures they could think of which
might start from the givens in the problem. Meaning of
newly generated values from the formulas might riot be
correctly interpreted. But they just expected that these
values could somehow lead to the goal. Of course, in such
harder problems, it was quite improbable that an answer
could be attained by chance. Thus, success was rare. This
is also indicated by the code numbers in Table 15.
Basically, subjects in the poor performance
group just didn't seek any understanding of the problem
before they tried. Procedures were applied only to those
variables they were familiar with and other data might be
entirely neglected in extreme cases. This approach
certainly meant failure when conventional tasks were all
composed of minimal given conditions. Figure 17 is an
example of how a subject of poor performance decided to
give up a problem because he thought that two unknowns
were closely related but neither one could be obtained
first. If he could make sure how many givens there were in
the problem, he might break the loop that caused the
abandonment (lines 4-7 form a loop). (He did use in other
items the summation formula that was essential to solve n
here.) Thus, it may be said that the problem
representation generated by subjects of poor performance
might be incomplete in some cases. This is also an
important reason for their poor performance.
Item 15 in Task—based Interviews (A harder problem)
An A.P. 42, ... , 133 has a sum of 1225
1 P
— — — — mmmm w
Find the common difference of this A.P.
Protocol of Subject B02 (Poor performance group'- M . . v, - - - — — , 1 A- V
1. [Read the question.] ... Use 42.
2. Use 42 and 133 to find the common difference.
3. ... But how to find ...
4. To find the common difference first? ...
5. No. Find the number of terms first. [Pause.]
6. ... But to find the number of terms requires
7. the value of d ! ...




133 (last term) (common difference
n (no. of terms)
Figure 17. Protocol of subject B02 in solving a harder
problem (Item 15).
151
In sum, it was found that the mathematical
reasoning ability of the students tended to correlate with
the problem-solving performance, manifesting in terms of
the type of strategies used and the quality of problem
representations. Subjects of good performance used more
elaborated problem representations, reflecting better
understanding of the topic and mathematical reasoning
ability. With harder problems, they could break them down
into solvable subproblems. This also resulted in a clear
structure of their solution. These observations were
primarily in line with those of expert-novice studies.
Differences in the problem-solving_ performance
between students of the control group and the experimental
group. When interviewed subjects were divided into groups
according to the instruction received, i.e. group A and
group B, the differences in their problem-solving
processes could be compared by studying Tables 14 and 15
again. This time, subjects of code numbers started with A
are compared with those with B. It is observed that the
differences were less noticeable than those observed in
the last section.
Subjects in the good performance division
exhibited very similar problem-solving protocols and
solutions in both groups. Tables 14 and 15 demonstrate
this similiarity very clearly. As far as the collected
protocols could show, there were no significant
differences observed in their problem representation as
well as the solution strategies.
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Subjects from the lower performance division
showed differences in the strategies employed between the
two groups. In Table 15, it was observed that those from
group B receiving instruction with the use of structural
diagrams employed forward working or forward searching
strategies more often than their counterparts in group A.
The nature of these strategies was more knowledge-based.
Of course, the use of strategies was not equivalent to
successful problem-solving. But that indicated less able
subjects in group B had mastered some formulas or
procedures which they could continuously rely upon in
tackling problems. By contrast, the three subjects from
group A switched strategies from problem to problem.
Similarly, Table 14 shows that subjects of the
lower performance division in group B tended to use the
formal algebraic representation more often than those in
group A. This difference reflected the differences
observed in their inferred knowledge structures. Algebraic
formulation was better acquired by subjects in group B.
Despite this difference, it should be noted that their
problem representation, irrespective of types, were very
often incomplete or inappropriate particularly with the
harder problems. As pointed out previously, the two groups
did not differ in their understanding of the concepts. So
it follows that their problem representations suffered
similiar faults. These findings would be consistent with
those on knowledge structure differences.
In view of these differences observed between
the two groups, we can conclude that the use of structural
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aiagrams did have some effects on the problem-solving
strategies and the type of problem representation, the
lower ability subjects in the treatment group being more
prone to use forward strategies and the formal algebraic
representation. However, this did not have much effects on
the quality of the problem representation. Based on the
above qualitative comparisons, a weak interaction effect
of the instructional method and the general mathematical
ability level on the use of problem-solving strategies and
on the type of problem representations chosen was thus
observed. This might be due to the interaction effect on
the underlying knowledge structure as we have found
previously.
Nevertheless, since using a particular problem-
solving strategy does not guarantee good performance,
this positive effect on using the forward strategies does
not seem to be much desirable. Rather, these findings
revealed the significant role of understanding in
acquiring knowledge. That is to say, the instructional
goal should aim at how concepts may be elaborated and
represented by useful models, how relationships between
knowledge units can be fostered, and how knowledge units
can be flexibly organized to facilitate problem-solving.
As to these, structural diagrams do not seem to contribute
much as the present study indicates.
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Relationships between the Inferred Knowledge Structure and
the Problem-Solving Performance
The results and discussions so far should
make it clear that although knowledge structures were
inferred from performance in some specific tasks, inferred
knowledge structure and problem-solving performance could
still be distinguished. The construction of knowledge
structure introduced hypotheses concerning the
organization and also took into account the subject's
performance in a variety of problems.
As the process of analysing protocols showed,
consistent good problem-solving performance would support
more hypothesized linkages between knowledge units. More
available procedures were inferred. Elegant problem
representation evidenced hypothesized efficient or
elaborated representation of knowledge units. This was
what had actually been done during the stage of analysing
raw data. By contrast, inconsistent problem-solving
performance might indicate conceptual misunderstanding.
Contradictory responses led to the conclusion that the
subject might not relate some knowledge units together so
that inconsistency could persist. What we were getting at
was some common core underlying each of the task
performance observed.
Of course, the results obtained demonstrated
that subjects with an inferred knowledge structure rich in
relationships and with available procedures for problem-
solving certainly performed well in problem-solving tasks.
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This conclusion was in agreement with other similar
studies. However, knowledge structure as an inferred
construct finds its strength in the power of explanation
and prediction. More specifically, in the present study,
the representations built up for the knowledge structure
of the subjects interviewed, if valid, could be applied in
predicting their individual performance when given some
other tasks in this topic. Until verification of
predictions could be made with high certainty, the
relationships between the inferred knowledge structure and
problem-solving performance could be firmly established.
In this respect, the models obtained here were very
primitive and other knowledge components that would be
likely to interact with knowledge of arithmetic
progressions should have to be considered too.
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CHAPTER VI CONCLUSIONS, IMPLICATIONS
AND RECOMMENDATIONS
Conclusions
In the present study, the effects of using
structural diagrams in mathematics instruction were
investigated with regard to the acquisition of knowledge
structure and problem-solving performance. Positive
significant effects were hypothesized based on the
possible functions of structural diagrams and the theory
of knowledge-based problem-solving. But not all
hypothesized effects were observed.
The effect of the use of structural diagrams on the
problem-solving test scores.
1. There was significant difference in the routine
problem score between the control and the experimental
groups, favouring the experimental group.
2. There was no significant difference in the nonroutine
problem score between the two groups.
3. There was significant difference in the total problem-
solving score between the two groups, favouring the
experimental group.
4. There were no significant two-way interaction effects
of the instructional method and the mathematical
reasoning ability level on all these three problem-
solving test scores.
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The effect of the use of structural diagrams on the
acquisition of knowledge structure.
1. The use of structural diagrams had positive effects on
the acquisition of knowledge structures. But, effects
were only observed on the acquisition of the standard
formulas particularly in the lower ability division.
There was no significant difference in the
conceptual understanding and the overall organization
of the knowledge structure.
2. There was a marginal interaction effect of the
instructional method and the mathematical ability
level on the acquisition of knowledge structures, the
low ability division in the experimental group
benefiting more from the treatment.
The effect of the use of structural diagrams on the
problem-solving performance.
1. More frequent use of working forward or forward
searching strategies was observed in the experimental
group, particularly in the lower ability division.
2. Higher tendency to use the formal algebraic
representation was observed in the experimental group,
particularly in the lower ability division.
3. There was no significant effect.on the quality of the
problem representation.
4. A marginal interaction effect of the instructional
method and the mathematical ability level on the
problem-solving performance was observed, favouring
the lower ability division in the experimental group.
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Comparison of inferred knowledge structures and
problem-solving performance between the good and the poor
performance groups.
1. Subjects of the good performance group possessed
knowledge structures significantly different from
those of the poor performance group in terms of
conceptual understanding and knowledge of procedural
rules. Their knowledge structures contained more
relationships built up between knowledge items and
resembled more closely to the standard structure.
2. Subjects in the good performance group used the
elaborated algebraic representation more often than
those in the poor performance group. They used mainly
the working forward strategy. On the other hand,
subjects in the poor performance group might use
arithmetic representations which were very seldom
employed by good performers. Furthermore, the poor
performers used the trial-and-error strategy, and
arithmetic techniques much more than the good
performers.
Results concerning the effects of the use of
structural diagrams on the problem-solving test scores,
the acquisition of knowledge structures, and problem-
solving performance were consistent with each other.
Comparisons between the good and the poor performers were
in general agreement with those of expert-novice studies.
But it was observed that backward reasoning and means-ends
analysis were almost absent from the strategies used by
the subjects interviewed, contrary to the well-documented
finding that novices tended to use general search
strategies such as means-ends analysis.
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Implications
Based on the results of the experimental
instructional programme, it can be suggested that
structural diagrams can be accepted as a convenient means
of demonstrating problem structures and explaining the
relationships between knowledge units. It is particularly
effective for identifying and representing basic problems.
It also facilitates the acquisition of basic problem-
solving schemata. Nevertheless, this experiment also
indicated its effects were quite limited in scope.
Structural diagrams failed to help students in conceptual
understanding and in handling novel problems. Further
means have to be devised for more effective instruction of
conceptual knowledge.
The findings in knowledge structure and
problem-solving process again ascertain the role of
problem representation in successful problem-solving. This
generation of internal representations requires
understanding which very often depends on specific
knowledge in certain area. Furthermore, as observed in
task-based interviews, subjects were not familiar with
systematic problem-solving procedures, say, the very first
stage of analysing the problem. The subjects participating
were very weak at strategies of reasoning and searching.
This suggests that the students might be receiving very
poor training in the general procedures of problem-
solving. In their mathematics lessons, they might have
acquired only a collection of mathematical facts and
formulas. To sum up, we can say that instruction for
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successful problem-solving in mathematics has to foster
understanding as well as to introduce general procedures.
The metacognitive skills have to be taught explicitly.
Some mathematics teachers may tend to emphasize
only the learning and retention of formulas and rules
instead of understanding. They seldom demonstrate the
consistency of different approaches to the same problem.
Alternative solutions are usually not encouraged. These
practices may have detrimental effects on the learners.
Understanding necessitates the cultivation of a more
active role on the part of the students in relating
different pieces of mathematical knowledge and seeking for
internal coherence. However, this metacognitive aspect of
recognizing logical consistency as an important criterion
for the validity of mathematical knowledge belongs to the
more general realm of mathematics education. It cannot be
addressed by the present short instructional programme.
Task-based interviews conducted in the study
have revealed many interesting points on students'
understanding of the topic of arithmetic progression.
These might not be known to mathematics teachers who
primarily used conventional methods to assess students.
However, findings of this sort will be very useful when we
desire to base instructional design on a firm empirical
ground. It is expected that more detailed empirical
information should be similarly explored in other areas of
the mathematics curriculum.
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Furthermore, in the present instructional.
programme, a concrete representation for an arithmetic
progression was introduced. Some students could use ii in
a very flexible manner so that problems could be solved
effectively and with understanding. The success of this
attempt leads us to speculate if it is possible to devise
such mental models to help with understanding and
manipulation in other topics of mathematics.
Recommendations
According to what were found in the present
study, recommendations are made in two aspects,
instruction and future research.
Mathematics instruction.
1. It is recommended that teachers may attempt to
use diagnostic tests or items similar to those in the
present study to get empirical information on the
knowledge structures possessed by the students. This step
is necessary for an effective course in mathematics
instruction. The data collected will be useful for
planning instruction. This can be considered as a
practical attempt to link up the theory of instruction and
the theory of learning.
2. Worked examples should be demonstrated with the
aim of exposing the underlying problem structure as well
as more understanding of the mathematical entities
involved. There are a variety of ways. Structural diagrams
can be an useful aid. The acquisition of specific
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schemata can be thus facilitated. Teachers may encourage
students to solve problems in as many ways as they can so
that more linkages between knowledge units would be
constructed or activated.
3. Many teachers think that worked examples are
sufficient to illustrate the methods involved and students
can develop strategies on their own. However, it may not
be the case for students of low ability. General
strategies are recommended to be explicitly discussed
using worked examples so that students can gain some
flexibility to use general procedures in handling
problems.
Further research.
1. As human minds excel in knowledge acquisition
and novel utilization, the present trend of research in
modelling human knowledge and its acquisition process will
certainly continue. As earlier reviewed, application of
this cognitive science approach to some specific topic of
school mathematics has not yet played an important role
in mathematics education research. Studies of this sort
are recommended. Such research can have both theoretical
and practical significance.
2. The present study failed in investigating the
process of constructing problem representations. More
reliable verbalization data have to be obtained before a
better understanding of the exact process can be attained.
As this is a crucial step in solving problems, effective
methods for collecting data have to be devised. While
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precise change in the problem statements can be easily
manipulated, it is not as easy to control the knowledge
base of the subject. So other knowledge components likely
to interact with the process have to be taken into
nnncidchvnf- innr.
3. In order to control the effect of instruction
more precisely in investigating the learning and knowledge
acquisition processes, it is recommended that the
corresponding knowledge representation should be changed
as precise and detail as possible and such learning
research programmes could be implemented in micro-
computers. The interactive environment provided by the
computers makes it possible for manipulation as precise as
we desire.
4. Concerning the meaning and validity of the
construct "knowledge structure", a suggestion may be
considered. Models of inferred knowledge structure can be
further used for the purpose of predicting possible
responses upon some tasks specifically designed. If a
model of knowledge structure for a particular individual
is successful in making predictions that can reflect the
general performance including the actual mistakes or
errors made by the subject, the model can gain more
validity. This dynamic aspect of the knowledge structure
would be very promising for future research.
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Tills paper has 40 multiple choice
quest ions.
Not all diagrams are drawn to scale.






(D If N is a natural number, which of
the following must be an odd number





































(3) Among 800 students, 30% chose
Computer Studies. In this group,
there were AO more boys than girls












(3 舉生 80C 人 302
爾腦科。在這組學生中，义












(4) John is a salesman. He gets a
weekly salary of $1 000. In
addition, he receives a commission
. of yZ of the amountof his weekly
sales. Last week, his total income




























(5) In a children art club, 60Z of the
embers are boys. If the number of
boys exceeds the numberof girls by

























(6] A manwalks 2 kmin the direction
N45E from P to Q. He then walks
another 2 kmin the direction
S45°E from Q to P. What is the











(6) 某人從 P 向 N45°E 走了 2 km
至 Q 然後再由 Q 轉向 S45E









(7) In a 60 kmbicycle race, the fastest
finished the race in 4 hours while
the slowest finished in 5 hours.







4 kmh and 5 kmh
10 kmh and 12 kmh
12 kmh and 15 kmh
15 kmh and 20 krah
40 kmh and 50 kmh



































(8) The above diagram showsthe travel
graphs of John and Mary. John
travelled from town A to town 3
while Mary travelled from 8 to -4.
By howmuchwas John's speed












旅程阅。約翰從 A 鎭往 a












(9) The above figure showstwo squares
ABCDand ACXY.If CD» 10 cm, what
is che area of the shaded part ?
(9 上圆所示爲兩個正方疋 ABCD






















(10) The above figure showsfour equal
circles, each of radius 3 cm,
inscribed in a square and touching
two others. The total area of the
shaded parts in cm2is
(10) 101
























:n In the figure above, ABCDis a square
of length 4 cm. DAECis a sector.
The area of the shaded part in cm2 is
(11 [14 ABCD是一個邊長























(12) The above figure showsa prism with
triangular cross-section. If AD-
8 cm,AE—5 cmar«dBE—4 cut, tiitu
the volume of the prism in cm3is
:i2) 33
― 0 AD 8 cm 9 AR 5 cm






















The volume of a sphere can be found
3
by the formula V- y where R is
its radius. If a sphere has the same
volume as a cube of length 2 crat then
its radius is
5 7
這 公 式 求 得 ， 其 中 〃 是 它 的
半 徑 。 若 某 球 尥 與 一 個 邊 提
233 32
它 的 半 徑 是
The above diagram showstwo squares
ABCDand FQR5. If AB a era and
PR~ 2AC9what is the area of FQRS
in cm2?
上 圇 所 示 爲 兩 個 正 方 形 仙 ⑶
及？( ？阳。若胃( ！⑶及

















(20) If r is a positive number, and













(21) When8 is subtracted from a number
x, the result is -|x . What is the



















(9a + 25b)(a - b)
(9a - 25b)(a + b)
(9a -b)(a + 25b)
(3a + 56) (3a -56)
[3a-5b)z
(23) Which of the following graphs
represents the relation of x





x 與 y 的關係
B.
D.
1t. In the figure above, 0 is the origir
and OFCHis a parallelogram. TheAM r 7 I A


















(?, j + a
(c + a,t
(c+ ft,a
(25) A bag contains someone-dollar coins
and sometwo-dollar coins. The total












0 ― ― “1 07 -14-











dfs The figure above shows a parallelogram

































(11 The above figure showsa sector of
22
radius 21 cm. If tt is taken as —


























(28) The meanof five numbers1, a, bf c
and 14 is 6. What is the meanof
a, b and c 7
(28) I f a f b » c 及 14 迢五個败
































.(29) The above graph is a cumulative frequency
curve of Che scores in a certain
mathematics test. If 50 is the passing









Only 5 pupils passed.
35 pupils passed.








(I) and (II) only
(II) and (III) only























(30) In Che above triangle, AQ- AC- a












(30. 在上阖的三角形中 AD' AC'a












(31) In the figure above, ABCDEFis a































(32) The above pie chart showsthe regions
where the F.3 students of a certain
school lived. If 50 students lived
on HongKongIsland, howmanyF.3
























(33) In the figure above, ADCis a
straight line and ABmBDmCD. If































(35) In the figure above, which of the

















(I) and (II) only










|0 5 1 (II
(I), (I 2|7 (II
(36) In the figure above, BCQis
a straight line. CP bisects CACQ.
If CAIIQP , then i-CPQ -
36) 在上阅中 BCQ一莳洩






















(37) In the figure above, AGFEis
a straight line, ABCDand
BCtDE. Express a in terms of









. cm180- a + b
c 180 - a - b
(37) 在上圇中，爲一直線







c- z + b
cma + b-90
Cma + b- 180
c • 180- a + b
c - 180- a - b






















(39) If A is an acute angle, sin A - r and
cos Amy9which of the following












(I) and (III) only
(II) and (III) only
(39 A 是一銳角 sin A - r 及



















(40) In che figure above, L.ACB and L.BDC
are righc angles. CD •














1. B 2. C 3. A 4. C 5. G 6. E 7. C 8. B 9. B 10. A
11. C 12. C 13. B 14. B 15. D 16. D 17. D 18. E 19 . 3 20. A
21. E 22. D 23. E 24. L 25. A 26. B 27. E 28. B 29. D 30. D































例厨 ( C )
The charier (拙 area Y
of the whole circle.
The shaded area X = Z








1111 = 71 (半代 ，’故即形而拟與半徑平方成正比〖如上昭
若下圖中斜後圆形之半徑爲大圆形半徑;; I1 V 〈則爲人阢形而植;
nn mot TURN THE PAGE UNTIL YOU ARE TOLD TO DO SC
7
Students should read all the Questions carefully. Illustrations and clues are
given in the questions to show1 how the problems are tackled.
1.
The area of A of the MNOP
The area of B of the MNOP


























































8. The cone (£(£82) at the right shows
Volume (I) : Volume
Volume (I) : Volume
(脰依)
Then, Volume (I) : Volume A- 1 : 36
ft. 1 : 49
C- 1 : 64
P. 1:81
£. 1 : 125
9. If X 6 :
and Y 12









Y - X = 6
X = 2Y
X + Y 18
in
1]








if BC II AD
the area of CAD — a
the area of CED = b
the area of CEB = c

















J3. any of 2 values
C. any of 3 values


















































22 11 171 2 2 11100 11136 2 131)165, 111611
4 4 11100 11136 X
X ？





















~)A l3 + 23 = 32
l3 + 23 + 33 = 61



















5 teetl 6 teetl
The above figure shows 3 gea• . 1 « • rr i I — f
产 51
Willi UlllCICIIl 11 u J11 ivi vi
tin V n A a nrvtnnlofo til 广之、念！打――TTJ 1 11yvllttJ II






























In the coordinate (Siif) system (X, Y, Z), small cube C in Cube I located (位肢在〕
in position (1,4, 1) is in the 1st block of X coordinate, in the 4th block of Y co¬
ordinate, and in the 1st block of Z coordinate. Thus,
Small cube B is
Small cube G is
Small cube F is


























































The pamphlet issued to the students for
instruction is included here for reference. It consists of
four units, each to be covered in a one-hour session:
Unit 1 Sequence and Arithmetic Progression
Unit 2 Terms in an Arithmetic Progression
Unit 3 Summation of an Arithmetic Progression
Unit 4 More Examples on Arithmetic Progressions
In actual implementation, Exercise 1.2 of Unit
1 (p.9) was deferred until the second session for both
groups owing to problem of time allocation. The exercise
was done as a revision for material covered in Unit 1.
In Unit 1, the notions of 'sequence' and
'arithmetic progression were introduced with examples.
The different patterns found in sequences were
highlighted. The two essential characteristics of an
arithmetic progression (A.P.), namely the first term and
the common difference, were stressed. They were identified
before the general term of an A.P. can be found. The focus
was on a concrete representation of an A.P. showing the
differences between terms. The formula for finding the
general term of an A.P. was then derived firstly from the
pattern observed and alternatively from the concrete
representat ion.
In Unit 2, problems using only the general term
formula were discussed. Solution were worked out clearly
to show the structure of the problems. The concrete
representation was referred to whenever it led to a better
understanding of the problem. The main theme of this unit
was problems involving only the terms and their order.
Unit 3 was motivated by the story of Carl
Friedrich Gauss. The pattern that the sums of particular
pairs of terms remained constant was emphasized before
deducing the formulas for summation. This would guarantee
a better understanding of the complicated formula evolved.
In fact, a figure using flights of steps to represent
A.P.'s illustrated the pattern to impress the students.
Then, problems involving direct application of these
summation formulas were discussed.
More examples on arithmetic progressions were
discussed in Unit 4. Contents and formulas covered in the
previous three units would be involved in this session.
The focus was on the analysis of problems and the
application of results on the arithmetic progressions.
This unit also summarized the material covered, providing
an overall review of the topic.
Structural diagrams were used for the treatment
group only. These diagrams were shown in blocks bounded by
dotted lines in the subsequent pages. This was the only
difference in the instructional material between the two
groups. Structural diagrams for some of the examples were
not shown and were to, be drawn by the students in class.
Solutions to worked examples were also not
shown. These were either presented by the instructor in
class or to be attempted by the students themselves before
class discussion.
School:
Class : Form 3
Name
ARITHMETIC PROGRESSION (A.P.)
Notes to the Students:
This course on arithmetic progressions will consist o£
4 units, each to be covered by a one-hour lesson. The text
material for the lessons provides the definitions of terms,
formulae, and problems for demonstration. Students are expected
to fill in the details during the lessons. There are also
problems which are to be done as classwork. Brief solutions to
these exercises will be given at the end of each lesson.
UNIT ONE SEQUENCE AND ARITHMETIC PROGRESSION
1.1 Sequence
Observe the following lists of numbers. You may






13 5 7X f w f V I y • 9 •
3, 6, 9, 12, 15, 18, ...
8, 88, 888, 8888, 88888,
1, 4, 9, 16, 25, ...
5, 8, 11, 14, 17, ...
Each of these lists of numbers is called a sequence
：敷到 Each number in the sequence is called a term
For example, in (a) above, 1 is the first term; 3 is the second
term; 5 is the third (3rd) term; etc.
Now, for the sequence 1, 4, 9, 16, 25, ...., what would you
guess for the 8th term and the 13th term ?
Ans. the 8th term
the 13th term
Usually, we write these terms in symbols as
Tg and T]_3 respectively.
Thus, TX = 1, T2 = 4, T10
Some sequences may have patterns that are easy to
discover. But you can never know for sure unless you actually get
the rule of computing the terms in a particular sequence. Now,
for instance, I get a rule for generating numbers and I keep it
as a secret. The sequence is as follows: 1, 2, 3, 4, Guess
T5 i.e. the next number in the sequence.
Your guess is
My answer is that the 5th term is
Are you right ?
This would NOT be so if the rule of calculating terms
is explicitly given. For example, a sequence of numbers is such
that its nth term can be computed by the formula 3n + 1.





Can you be sure that you are correct
In this case, we say that the general term 通埂 is
Tn = 3n + 1 .
That is, the general term gives a rule for finding each
term of a sequence. If this formula is given, any term can be
computed. If conversely, only some terms are given, we can never
be sure about the general term without further information. We




(Rule of calculating terms)
Cvamnl 1.1.1
mi — ~ ~ -»£ cannonro t rr1 VPn hV
n w '
Write down the 4th to 7th terms.
Hence find the following sum:
5r1 n-bi nn
General term
Remark: If you are asked to find
or
can you find them
We shall learn some formulae to do these when these
terms are from arithmetic oroaressions
mmy • «





1.2 Arithmetic Progression (A.P.)
From this section onwards, we shall study a particular
type of sequences having some very simple patterns. Consider the





What do you notice for each of these sequences
Do they have some common property ?
Question: Do you think the sequence
has this property ?
also
Ans. YesNo
In each sequence above, we observe that any term





That is, in these sequences, we have
This type of sequences is called an arithmetic progression
漭衲级狀 . which is usually abbreviated to A.P
That is to say, an arithmetic progression is a sequence
in which every term (except the first) is obtained by adding a
fixed constant to the preceding term. This fixed constant is
called the common difference 〈么五 of the A.P
When the common difference is we have trivia]
For example
The common difference can be positive or negative
In (a), the common difference is 6. The A.P. increases
In (c), the common difference is . The A.P.
So, in general, an A.P. either increases uniformly or
decreases uniformly. The sequence 7, 12, 3, is
certainly NOT an A.P.
common difference +ve common difference -ve
Example 1.2.1
Check whether the following sequences are A.P.'s or not. If yes,





















The following sequence is known to be an A.P.
(a)
(b)
Find its 10th term.
Find its general term, i.e. a formula to compute Tn
Solution
Arithmetic progression
First term Common difference
Any term in the A.P.
(b)
'Remark: We see that once we know the first term and the common
difference of an A.P., we can find any term of that A.P.
In general, we can find a formula for the general term










nth term in the A.P.
Tn = a + (n-l)d
Example 1.2.3
The numbers Find the 100th term
'Remark: A student said that the answer is -79. Do you think





formula for nth term
increasing
In this given A.P., first term
and common difference
Exercise 1.2
1. Check whether each of the following sequences is an A.P. or







10, 5, -2, —7, ...
4, 8, 12, 16, ...
18.5, 17, 15.5, 14, ...
-2, 2, 6, 10, ...
x - 8, x - 3, x + 2, x + 7,
k, 3k, 5k, 7k, ...
Here x and k are some unknown constants.
2. The first term and the second term of an A.P. are 17 and 29
respectively.
(a) Find the 9th terra and the 21st term.
(b) Write down the general term Tn in terms of n.
3. The common difference of an A.P. is 3. The 10th term is 37.
Find the 1st term and the 5th term.
4. In the A.P. 39, 33, 27, 21, ..., it is known that the kth
term is -93. What is k ?
5. Suppose -6, x, y, 9 form an A.P. Find x and y.
UNIT TWO TERMS IN AN ARITHMETIC PROGRESSION
In this unit, we shall study some examples which
involve the terms in arithmetic progressions. We shall see how
these problems can be solved with the formula we learned in Unit
One.
For an A.P. with
and
a = 1st term
d = common difference,
Example 2.1
The numbers form an A.P.
(a) Find the value of x.







Remark: When 3 or more terms in an A.P. are given, they always
bear a simDle relationshiD between one another.
Example 2.2
SllDDQSe











between two given terms?
'Remark: We can have two different ways of looking at the
problem.
Example 2.3
The 5th term and 11th term of an A.P. are 28 and 10 respectively.
(a) Find the 23rd term.
(b) If the kth term is -17, what is the value of k ?
Question: Can the answer to (a) be 32 or 14





Difference between terms equal
say d
T]_2. - T5 = how many ds







Tn = a + (n - l)d
t5
28 —
eqn•(1) in a, d
Tn
10 ~~ ••••••
eqn.(2) in a, d




Remark: (a) Again, you can have two different ways of finding a
and d. So, problems may not necessarily be solved in
nnlv nnp wv.W 4 J w » W •
(b) Notice that k denotes the order of the term, not the
valnp n f thp tprm .
Exercise 2
1. If S. x +2. x - 1 are in A.P.. find x and the 10th term.
2. The sequence 5, x, y, z, 29 is an A.P.
Find the value of x, y and z.
3. In an A.P., the 2nd term is 4 and the 9th term is 39.
Find the 21st term.
4. Given an A.P. 10, 13, 16, ..., 94.
How many terms are there totally ?
5. If X]_, X2, X3, X4, ... is an A.P.
do you think the sequence
2, x5 x8' x11' •••
is also an A.P. ? Why or why not '
UNIT THREE SUMMATION OF AN ARITHMETIC PROGRESSION
In this unit, we shall derive a formula for the
summation of the terms of an A.P.
Story of Carl Friedrich Gauss
Let us first consider a simple example.
Suppose we are asked to find the sum of the first ten terms in
the A.P. 1, 2, 3, 4, ...
Thus let S=l+2+3+4+5+6+7+8+9+10
Reversing the order of the sum, we have
S = 10 + 9 + 8 + 7 + 6 + 5 + 4 + 3 + 2 + 1
Adding these_tvo expressions, we have






sum to n terms of the A.P.
Note:
We can derive a formula for Sn in a similar way:
Reversingthe orderof the termsandadding,wehave:
Now
Therefore,wealsohave
The above procedure of addition is illustrated below:
sum to n terms
sum to n terms
Example 3.1
Find the sum of the A.P. 3, 6, 9, ... to 20 terms.
Solut ion
sum to 20 terms
S 20 =






Find the sum of
Solution
sura to n terms
Example 3.3
The 20th term of an A.P. is 116.
The sum of the first 20 terms is 1180.
Find the sum of the first 15 terms.
?nl11-t- i on
solve a and d
sum to 15 terms
Remark: In this kind of problems, notice that a and d are
important intermediate unknowns.
Example 3.4




1. Find the sum to 8 terms of the A.P.
~11 ~ 8 j —5 . • . •
2. Find the sum of the first 25 terms of the A.P.
20, 16, 12, ...
Why do you think the answer is negative ?
3. Find the sum of the A.P.
4. The first term of an A.P. is -5.
The sum to 17 terms is 85.
Which term has the value 0 ?
5. Find the sum of all the multiples of 3 between 1 and 110r
6. Given the A.P. 8, 11, 14, ...
Find the sum of the terms from the 10th to the 20th.
UNIT FOUR MORE EXAMPLES ON ARITHMETIC PROGRESSIONS
In the previous two units, we have derived the
following formulae for A.P.'s:
A.P. with a = 1st terra
d = common difference
Tn = a + (n - 1)d
Arithmetic Progression




Given n nth term = ....
sum to n terms =
Last term known sum to n terms
Example 4.1
The sum of the first 4 terms of an A.P. is 20.
The sum of the next 4 terms is 60.
Find the sum of the first 20 terms.
Solution
1 p 4.9
The sum of the first 3 terms of an A.P. is -9.
If the 5th term is greater than the first term by 8
find the sum of the first 15 terms.
Solution
Example 4.3
Paul works in a factory at a starting salary of $ 3500 per month.
At the end of each year, he will receive an increment of $ 100
per month in salary.
(a)
(b)
Find the total income of Paul for the first 5 years.
Another person, Tom, works in the same factory (starting at
the same time as Paul) with a starting salary of $3200 per
month and an annual increment of $ 150 per month.
(i) When will Tom's monthly salary be the same as Paul's ?
(ii) After how many years will the total income of Tom be
equal to that of Paul ?
Solution
Exercise 4
1. Find the number of terms in the A.P.
that must be taken to make the sum equal to 100.
2. The A.P. 7, ...., 35 has a sum of 168.
Find the number of terms in this A.P. and its common
difference.
3. The 5th term of an A.P. is 3.
The sum of the first 20 terms is -270.
Find the first term, the common difference and the sum to 40
terms.
4. The 5th term of an A.P. is 14 and the 18th term is -25.
Find the sum of the first 25 terms.
5. A supermarket is running a contest in which they will send the
winner some money everyday for one month. The amounts are
$ 100 the first day, $ 200 the second day, $ 300 the third
day, and so on. If the month has 30 days and you win the
contest, how much money will the supermarket send you
altogether ?
Appendix D
Problem-Solving Test (with Scoring Scheme,
The problem-solving test consists of two sections.
The first section (Problems 1 to 8) and the second section
(Problems 9 to 1A) are on routine and nonroutine problems
respectively. Problems in the routine section carry 5 marks
each. Those of nonroutine type carry 8 marks each. A scoring
scheme is given for solution to each problem. Alternative
solutions are separated by dotted lines.
There are 3 types of marks allocated to the solut¬
ion. !A' means points allocated for expressions, equations
or answers correct in every detail. 'M' means points alloca¬
ted for the correct methods or formulas used although values
substituted or some intermediate steps may not be all correct.
For nonroutine problems U.e, Problems 9 to 11) , one point
(MP') is awarded for a solution that is well-planned or is
working according to some relevant procedures even though
the final goal may not be attained. This point will not be
awarded if formulas and equations are written down without
a reasonable objective ,or the final solution is actually
obtained by some trials or by chance. Explanatory notes for
these allocations in each problem are given in brackets.
TEST ON ARITHMETIC PROGRESSIONS
Time allowed: 1 hr. 13 min.
There are 1A questions in this test.
Answer ALL questions in the space provided
You may use calculators.
I1
1. Check whether each of the following
given sequences is an A.P. or not.






5, -10, 20, -if0, ...
-17, -26, -35, -ifif,
2, 5, if8, 51, ...
9, 16, ...
x -1 , x + 3, x + 7,
2. The common difference of an A.P. is
if. The 10th term is 52.




52 = a + (10 - 1).k
52 = a + 36
• a — 16
a, a+ if, ».., a t 9
T
10
52 = a + 9xk
52 = a + 36
a = 16
3. How many terms are there in the
following A.P.: -5, -2, 1, ... , 22
solution
Consider this A.P. as having n terms.
a = -5, d = 3








1A (use of this formula)
1M + 1A








1M (eg. Let n be ..., use
n in the eqn., etc.)
1A
1A (sub. to form eqn.)
1M (solving eon.)
1A
Consider this A.P. as having n terms. 1M (similar to the above)
1 A
1M + 1A
(sub. values in the first
fractional expression)
1A
Find the number of terms to be 10
by direct counting, eg. listing
out part or all the terms. 2M + 1A (deduct 1A for
minor mistakes)
If. Given an A. P.
If its 21st term is






1M (sub. into correct formula)
1 A
1M (equating to form eqn.
1A
5. The Zfth term of an A.P. is 11,
Its 7th term is 35.
Find its 18th term.
Solution











1M (use of this idea)
1 A
1A




6. Given an A.P. 35, 22, 9,













Obtain the correct sum by direct
listing of terms to add.
7. The numbers form
an A.P. What is the value of x ?
Find the difference between the 17th
term and the 25th term.
Solution











1 M + 1 A
(1M for finding the terms
1 A
8. The common difference of an A.P. is
3. The 9th term is twice its th







(1M for expressing terms in




9. Find the sum of all the multiples
of 7 (i.e. 7, 1f, etc.) that lie
between 1 and 100.
“1 I I 00 7
4 口丸“ 1, '4-
Solution













111 + 1 A
1 A
Writo down all multiples and
give the sum by direct addition.
A marks only (no 1P and
deduct 1 mark for minor
mistakes)
10. An A.P. atarts with 17 and ends up
with 86. The sum of all these terms
is 1236, i.e.
Find the common difference of this A.P
II
12-36























11. Given an A.P.
Find the following sum:


















8 terms by counting or other methoc
Sum t(
620
1 M + 1 A






Obtain the sum by direct listing oj
all the terms:
2M + 2A (deduct 1A for
minor mistakes; no 1P
in this case)
12. The sum of the first ly terms of an
A.P. is 26. The sum of tho next 6
terms is 129. Find the sum of the






















13. Bag A contain some white marbles. Bag B contains some black marbles.
3 white marbles are first taken out from Bag A.
6 black marbles are then taken out from Bag B.
9 white marbles are taken out from Bag A in the 3rd trial.
12 black marbles are taken out from Bag B in the lyth trial.
A
This pattern of taking out matbles from alternate bags is repeated
and each time the number of marbles taken is increased by 3.
It is found that after 19 trials, both bags are empty.










A 3 9 15
B 6 12
19 trials end at A
10 trials from A, 9 trials from B
Recognizing the above 2 A.P.'s
For A, terms)
For B. (9 terms'
1M (clearly separating
the 2 A.P.'s)
1A (correct nos. of terms)







Then use this to minus either the number for
A or B to get the remaining unknown.
1 A
1 A
Write down all numbers and get the answers by
direct summation. 11. marks only
( no 1P and deduct
1 mark for minor
TT'i r hnlfpn)
1f. In playing a game of picking up Band-bags, a boy is asked to pick up
9 and-bags and put them into a basket, one at a time. The bags are
arranged in a straight line and the distance between two consecutive
sand-bags is } m (see figure). The basket is placed 5 m away from the
last sand-bag B. The bay starts at , pick up sand-bag B and runs
to the basket. Then he returns to pick up and run to put it in the
basket again. This repeats until he puts the last one (i.e. B) into
the basket. Find the total distance travelled by the boy in jihis game.
.1 傾；






































of the problem statements)










(correct terms to be added)
(an A.P. adding another
number)
(correct no. of terms)
(for applying formula)
Write down all distances travelled and
then get the answer by direct addition. A marks only
(no IP and deduct 1 mark
for minor mistakes)
END OF TEST 全々七
Appendix E
Items for Task-Based Interviews
There were 20 items for task-basedinterviews, ordered
according to level of difficulty. All item3 would be presented to the
subjects in this order. In some cases, the subjects felt tired or
unmotivated to carry on, and the interview stopped before the last
item had been presented. This batch of items was designed to test
knowledge of various parts of the topic •arithmetic progressions1,
some relating to conceptual knowledge, and mostly on procedural
knowledge and their application in harder problems which demanded
synthesis ©f these procedures. The concepts or procedures involved in
each item are also presented with the item below. These are marked by
asterisks beneath the problem statements.
1. Explain what is meant by an A.P.
(arithmetic progression).
Please give one example of an A.P.







Concept of an A.P.
Other notions related to the concept of an A.P.
2. Indicate whether each of the
following sequences is an A.P. or
not.
If yes, state its first term and
common difference.










4, 7, 10, 13, 16
12, 14, 17, 21, 26
-3, 1, 5, 9, 13
4, -7, -18, -29, -40
x+1, x+3, x + 5, x+7, x+9
5, 55, 555, 5555, 55555
Discrimination of an A»P»
Identification of the first term and the common difference for an A.P.
3. In the figure above, xlf x2,
X5 and y, y2 . represent
the lengths of the line segments
as shown.
State whether each of the
following is an A.P. or not. Why
or why not ?
(a)
(b)
Xi, X2r x3' x5
yi' Y2' Y3' y4' Y5
I
• y s • - s
Identifioatien of patterns far A.P.'s as realized by a cancrete example
Asuaciatian af natians af A.P. 's with carrespanding physical quantities
Applicatian af canceps cancerning A.P.s ta a physical situatian
4 . Given that p, q, r is an A.P.,
which of the following isare also







Discriminatian af A.P. 'a in mare abstract cases which invalve formalistic
execution af the definition
(knowledge af algebraic manipulatian is involved)
Usa af counterexamples ta reject the possibility af an A.P.
Relatian between a given A.P. and another sequence derived fram it
Difference between terms changed by arithmetic aperations
5. Given an A.P
3 7 11 15, 19
(a) Find the sum to three term
(b) Find the sum of the 4th term
to the 6th term.
(c) If its 20th term is (5a + 9
find the value of a.
(d) If the kth term is 95, find k
2 術级敉
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The concept of 'sum of terms'
Use of simple arithmetic summation formula
The concept of 'sum of terms not starting from the first'
Use of simple arithmetic summation formula
Use of formula to find terms
Identification of the values for using the formula
Use of the general term formula as an equation
6 . How many terms are there in the
followina A.P.:
10, 13, 16, ..., 94
…丁、岭名游、队敌，多夕项
10, 13, !( , • ,
Association of the concepts of an A.P. with a presented sequence
Recognition of the meaning of the number of terms
Application of the general term formula as an equation to solve n Use of
some representations that give n by arithmetic
Identification of the values for the procedures
7. I £ 27, x, y, z, 39 is an A,p'
find x, y and z.
XJ , % J ,Z- , 39
% 'jf %-?
Association of the concepts of an A.P. with a presented sequence
Use of formula for the general term to the situation Use of some representations
identify the common difference as the essential unknown
Any special conceptualization that would facilitate the solution





) Write down the nth term.
) Find the sum of the first 2
terms.
) Find the sum of the 41st term
to the 60th term.
) Find the following sum:
3rd term + 6th term + 9th term + .
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Use of the general term formula, Identifying the knowns and the unknown
The concept of 'Bum of the first .. terms'
Use of the summation formulas
The concept of 'sum of the .. term to the •• term'
Use of the summation formulas with appropriate modification either throu
conceptualizing two sums or a new A.P. with changed parameters
The property of a sub-sequence of an A.P.
Identification of parameters for a new A.P. derived from a given A.P.
Application of summation formulas to a now A.P. HoiHvod fr»m a o-tu»n t p
In an A.P., the 11th term is -32,
and the 35th term is 64.
Find the common difference of this
A.P.
| 立 V 7 f l -3 :
‘广~ ，――
11 足
The representation of problem with two terms given
Use of the general term formula or other relevant procedure
Use of the general term formula as an equation, taking the first term and the
common difference as two essential characteristics of an A.P.
10. In an A.P., the 6th term is 20,
and the 11th term is 50.






The representation of a problem with tvw terms given
Use of the general term formula or other relevant procedure
Use of the general term formula as an equation, taking the first term and the
common difference as two essential characteristics of an A.P.
h If problem 9 was solved by an effective representation, can this problem be
solved similarly or a different strategy is adopted 7




Find the value of x.








The essential property far three numbers in A.P.
Salving an A.P. by identifying its first term and the common difference
UBe af the general term fermula ta find terms by substituting the identified
values af each parameters




9 +15 + 22 + • + 7
Identify the unknewns necessary far the prablem
Breaking the prablem inta familiar er salvable subprablems
Use af the general term fermula as an equation ar ather useful representatiar
Use af the summatien fermulas far finding sum given relevant data
13 Given an A.P.
324, 308, 292, 276
find the first neoative term in
this A.P.
41
1 oA. inn 2J2, , 276
Recognitian af a decreasing AeP. associating with a negative cemmor
H1 f f
s- Use af an effective representatian that can suggest ways af salutian
( Understanding the relationship between terms and the camman difference
(formula cannot be applied directly without a correct conceptualization
af the situation in terms af ideas af A.P.)
14. Find the sum of all the numbers
from 1 to 60 which are NOT
H a i h 1 P hv .1 .
i 6( 么饲所荀万於
被 3
f Searching far patterns that give rise ta A.P.'s in a situation
t Identify the essentials af the A.P.'s far finding the sums
Apply one af the summation formulas in an appropriate way
15.
An A.P. 42, ... , 133 has a sum
of 1225, i.e.
42 + ... + 133 = 1225
Find the common difference of this
A. P .
網幼柄 42 , 13: 之和
J22
4-Z-h 33 ~ Z2
Identify the unknowns in this problem
Breaking the problem into familiar or solvable subproblems
Use of the summation formula that involves the first and the last terms as
an equation
UBe of the general term formula as an equation or other useful representation
connecting the number of terms and the common difference;
16. An A.P. has a common difference of
4. Its 10th term is three times
the 5th term.





Identify the unknowns for solving the problem
Breaking the problem into familiar or solvable subproblems
Use two general terms to form an equation
Use of the summation formula to find the sum of an A.P. not starting from
the first term (i.e. either by generating a new A.P. or by considering the
requiring sum as a difference of two sums)
17 A theatre has x rows of seats.
The first row has 28 seats,
the second row has 32 seats,
the third row 36 seats and so on
with an increase of 4 seats per
row until the last row has 64
seats .
(a) How many rows are there '








Representation of a oituation in terms of concepts of A.P.'a
Identification of the unknowns of the problem in terms of the concepts of A.P.'a
i- Distinguishing the term and the sum in a situation
t Use of the general term formula and the summation formula for calculation
1 Consider an A.





If Tk = 39, find k.
i Find the following sum








To handle A,P, 'a in mere algebraic settings
Representation of a problem with two terms given
Identification of the essential unknowns of the problem
Breaking the problem into familiar or solvable subproblems
Use of the general term formula as an equation
Recognition of a sequence as an A.P.
Relation between an A.P. and a sequence derived from an A.P.
Uso of the summation formula for an A.P. derived from a given A,P,
: A student has picked up a broken
pi ece of paper on which there is
a multiple choice question. Part




The above shows an A.P.
with 15 terms. Their sum











V1 17 I' ‘，了，
After calculating for a moment,
the student has found the correct
ot.rov Dn vnii know vh i rh one ?
7 1
Use of the summation formula that involves the first term, the number of term,
aommTTwn rHfference
Representation of the problem with relevant parameters
Use of the trial-and-error method
Recognition of the condition of consistency to determine the answer
20. Two ants A and B are 54 mm apart
They start at the same time an
crawl towards each other along
string (see Figure).
Ant A crawls 0.5 mm in the Is
second, 1.5 mm further in the 2n
second, 2.5 mm further in the 3r
second and so on.
Ant B crawls 1 mm in the Is
second, 3 mm further in the 2n
second, 5 mm further in the 3r
second and so on.
(a) After how many seconds will th
two ants meet ?
(b) If they continue to crawl after
meeting, what is the distance
between them 1 second later ?
% 5 8
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Representation of problems in terms of concepts of A.P. 's
Identification of A.P.' s
Identification of parameters of A.P.s
Identification of unknowns in terms of notions of A.P»'s
Use of the general term formula and the sumiration formulas for calculation
Appendix F
Sample Protocols of Two Subjects
in Task-based Interviews
In the task-based interviews, the
verbalizations made by subjects were in Cantonese together
with English mathematical terms. Protocols were originally
transcribed from cassette recordings in Chinese. Records
of two subjects were translated into English and presented
here. One was selected from the good performance group and
another from the poor performance group. This would help
understand the form of raw data involved in the process of
analysing protocols and inferring the knowledge structure
as discussed in Chapter 5. The knowledge structures
constructed from the protocols presented here actually
appear in Figures 6 and 7.
In the following samples, I and S stand for the
interviewer and the subject respectively. Dots are added
to indicate short periods of silence. Other comments are
inserted by square brackets to make these sentences more
intelligible. For easy reference, these samples are
separated into segments according to the problems - the
subjects were working on. The items for the interview can
be found in Appendix E.
Sample 1 Protocols of Subject A08
(Good performance group)
Item 1
1: Explain what is meant by an A.P. (arithmetic
progress ion).
S: A list of numbers, with a common difference in between.
I: What do you mean by common difference?
S: That is, the differences between numbers are equal.
I: OK Please give one example of an A.P.
Si 2, 4, 6, 8, 10,..
Ii And give one example that is NOT an A.P.
S: 1, 4, 8, 13
I: OK
Item 2
I: You may go on reading the question on your own. But
please do remember to speak up.






















The 1st and the 2nd terms differ by 2. The 2nd term and
the 3rd term differ by 3.
OK Next.





The 1st and the 2nd terms differ by -11. The 2nd term
and the 3rd term differ by -7.... Hm.. No. Not -7. It's
-11 again.
What do you mean?
Well, it's an A.P First term is 4 and common
difference is -11.
Next is (e).
(e) is an A.P. First term is x + 1. ..Common
difference +2.
Let's come to (f).
(f) is not.
Can you explain?
The 1st term differs from the 2nd by 50. The 2nd and













This is item 3. Read the question.
[Read the question.] ....(a) is an A.P. but (b) is not.
Why did you say so?
These segments in this order differ in lengths by 1.5
units.
Why (b) is not?
The 1st and the 2nd differ by 2 units and the 2nd and
the 3rd differ by 1.
OK
Item 4
[Read the printed question.]... p, q, r is an A.P.
Now each is added to 8....yes, an A.P.
Why?
The differences between them are not affected by adding













(b) is [an A.P.] since they are all multiplied by R,
their differences will be equal.
Next.
(c) is not [an A.P.]
Can you explain?
For example, you put p to be 1, q be 2 and r be 3. Ther
p squared is 1, q squared is 4 and r squared is 9.
[She meant that this would not form an A.P. then.]
Next.
(d) is [an A. P. ]
Why?
.... p, q, r is an A.P. Now they are reversed in order.
That is r, q, p. Therefore it should also be [an A.P.]
That is the common difference becomes negative.
OK.
Item 5
[Read the question.] an A.P., 3, 7, ...(a)., sum to
three terms ..consider the difference, 7 minus 3, 4, 4
times 2 [writing down expressions] 8,. ..14, ...3, 7,
21.. the answer is 21.
Part(b),..4th to 6th term,.Hmm..., two d's, Hmm.. d is
2. ..No, d is 4. 8, 15 plus 8....[writing expressions] 4.
23..[using calculator] 34.5 is the answer.
Would you explain your expression here?
This is the formula n[2a+(n-1)d]2.
What are a and d here?
a is the 4th term,
d is ...
the common difference which is 4.
Go on.
Part(c). 20[th term] is 5a + 9... 5a plus .. 3 plus..
19 [d's] d is 4... 82 plus 3, 5a + 9 so 85 minus 9 is
equal to 5a, 74 [use calculator]., why decimals? ..
wrong ... 3 plus 19 times 4 ..[use calculator] should
be 76 .... [repeat the former equation] yes..a is 14.
[Part (d) ] Hmm. . . k is 95, k, 95.... 3 plus (k - 1)
times 4 [writing this equation] is 3 plus 4k minus 4











[Read the question.] 94 is equal to 10 plus
(n - 1) 3's [writing an equation] that is,
94 equals 10 plus 3n minus 3, 84, 10 plus 3n,....
3n minus 3. 81 is 3n so n is 81 divided by 3, equals
..6..7..27. n is 27. [by mental calculation]
I: You have written down n here. But what is it actually?
S: n is the number of terms.
I: You mean that is your answer.
S: Yes.
11 em 7
S: [Read the statement.] in A.P... [Point to the space
between the numbers and 3. unknowns and count.] one,
two, .., four. 4d is 39 minus 27. [Write the
equation.] d is 3. So x is 27 + 3 = 30.
y is 30 + 3 = 33. z is 33 + 3 = 36.
I: How did the number 4 come about in your calculation.
S: There are 5 terms here. ...You see the common
differences are separated into four parts.
I: What do you mean by separated into four parts?
S: That is four common differences in between.
I tern 8
S: Given A.P...the nth term is ..3 plus (n - 1) .... 6's
[writing the correct algebraic expression] [continue
immediately to (b)] 20th term is 3 plus 19 times 6.
.... no., sum of 20 terms., should be [write 20 ]
2 times 3 plus 19 times 6 [and then] over 2 ...
10 times 2 , 3 be 6 plus 114 is 120 cross 10 is 1200.
[answer] Part(c) find the sum from 41st to 60th term
T 41 [i.e. 41st term] is ... 3 plus 40 times 6 ..
Hmmm.. 243. T 60 is 3 plus 59 times 6 [use calculator]
357. Hmmm. S is 1 over 2, 40, 60 mius 41... [doubting]
[pause] 243 plus 357 [use calculator] is
10 times 600. is 6000.
I: OK I observe that when you wrote 60 minus 41 and got
19, why did you change it to 20?
S: I count also 41 [st term] then.
I: Can you explain why you can do this?
S: This is the summation formula using the first term and
the last term. Here, we got them.
I: So you use it.
S: Yes.
I: You may go to part(d).
S: The 3rd term, the 6th term, ..., yes, an A.P. again
There are . . 6 terms altogether. The new common
difference is greater... should be 3d, ... i.e. 3 times
6 , 18, . . The 3rd term is 15 [given] So the sum is
[write down the second summation formula that involves
a, d and n ] 2a, a is 15 plus 5 times 18 which is
3 times ( 30 plus 90 ), 120, 360. S is 360.
Item 9
S: [Read the question.] 11 is -32, 35, 64....
common difference, T 11 minus ... T 35 minus T 11
is -32 minus 64 is.... 96 [pause] NEGATIVE 96 ....
I: Please talk.
S: -32, 64... the 11th term is less than the 35th tern
That is the value should be positive..but now it's
negative...Hmmm.. Well..Aha. I've copied them in th
wrong order, yes, 96 over 24 is ... 4, that is the
common difference.
I: May I ask you what does 24 refer to?
S: There are 24 terms.
I: Which 24 terms?
S: No. With 24 differences in between.
Item 10
S: [Read the question.] O.K.
The 6th term is 20, the 11th is 50.
Then 5d is 30 [by mental computation 50 - 20].
.. d is 6. [Write down d = 6.]
That is, 27 minus 6 is 21.
[Write down T2.]
equals a .. a is 20 [This is Tg.] ..
plus 20 [this is (21 - 1)] times 6 ..
which is 120 plus 20 is 140.
[The following expression is written
T21 = 20 + 20 x 6 = 120 + 20 = 140. ]
So, T27 is 140.
I: Why did you say a is 20?
S: This [pointing to Tg ] can be treated as the first
term for calculation.
I: Then....
S: The 27th term to be found would be the 21st term
in this new A.P.
I: I see. So you write T21 here?
S: Yes.
Item 11
S: [Read the question.] So find x...that is to say
9x minus ... 9x + 4. Hmm.. Yes 7x + 2 minus 9x + 4
is equal to 3x + 4 minus 7x + 2 [write down an
equation] .... 7x+2-9x-4=3x+4-7x-2
[solve the equation] x is 2
I: What does the first equation mean?
S: This is the difference between terms. They are equal.
I: OK You may go on.
S: Part(b) the 5th term. 9x + 4, x is 2 so 18 + 4, 22
T 1 is 22. Hmmm. 14 plus 2 is 16. 22 minus 16 is 6.
T 5 is a, a?. a is 22, that is ..No. 16 minus 22
is -6. 22 plus four .. four -6's. 22 plus 6, 4, 24,
-24. T 5 is -2.
Item 12
S: [Read the question.] [Pause.] .. 15 minus 8 is 7.
78 is .... 8 plus (n - 1) 7's, that is
8 + 7n - 7, 78, 70 equals 7n - 7. 63 is 7n.
n is 9. And S 9 [meaning sum of 9 terms] is 1 over 2
times two 8's plus (n - 1) times 7, 9 minus 1,
8, 8 times 7 [use calculator] 324.
I: What did you want to get for this first line?
S: To find out how many terms.
I: Is it necessary? Are you sure you need this?
S: Yes.
I: You used to do mental calculation and seldom use the
calculator. Is it your common practice?
S: Yes, I usually do simple arithmetic mentally.
Item 13
S: [Read the question.] the first negative term...quite
difficult I think ...Hmmm. [Murmuring. ]..324 minus 308
is 16. 324 divided by 16 [use calculator] 20.25
that is..20...21. The 21st term is negative.
I: Can you explain what you are doing?
S: Now common difference is 16. The first number is 324.
I'll try to see how many differences 324 can have.
I: You have said 20 and 21. How do you know which is the
answer?
S: I think the 20th number is still positive and so it is
the 21st.
Item 14
S: [Read the question.] [Quite immediately.] S 60 [meaning
sum of 60 terms] is half 60 times 2a, 2a that is 1,
..no. 2a is 2 plus (n — 1), 59 1 ' s , equal to 61, times
61 is 1830. Let's see. 60.... 20. There are 20
[numbers]. S 20 is 20 over 2, 6 plus 19 times 3...
[simplifying an expression] 630. 1830 minus 630
is 1200.
I: Can you explain your steps?
S: I add up all numbers first here. Then minus all those
multiples of three. And there 20 multiples of 3 inside
I: You have a clear plan when you first added all the
numbers ?
S: Yes. I know I am going to deduct
Item IE
S: [Read the statements.] 42, 133, common difference...
1225 is half .... x? times 42 plus 133. [Write an
equation and solve.] So x is 14.... 133 minus 42 ..
91 [pause] ..what then?.... 14 terms...1225.. find
what? [She substituted 14 into the summation formula
to get the given sum again!]..Aha it's d. a is 42.
... plus ..plus, 133...Hmmm that is the 14th term.
13 d's ..[voice too softbut writing the general
term formula to get an equation in d] .. d is 7
I: May I ask you why did you try 133 minus 42 getting 91
before?
S: I tried 91 divided by 14 but that is not an integer
So I doubt.
I: Well when you write x here. What did you think was x?
S: The formula fits in but with one unknown. I know it's
n. But I just forget it when I arrive at 14. I don't
know why I would forget so important a symbol.
Item 16
S: The 10th term is three times the 5th term..That is
a + 9d is ... 3 times a + ... 4d [write this equation]
So a + 9d is 3a + 12 d. 2a is ... d is 4 so [solve the
equation] a is -4 Now 11th to 16th terms, 11,
T 11 is -6 plus 10 times 4, 36, T 16 minus T 11 is 5.
.. so half times 6 T 16 is -6 plus 15 times 4.
-6 plus 60 is 54. Half ..hmmm. 11, 12, 13, 14, 15, 16,
6 terms, times 36 plus 54 90 times 3 so 270.
I: I observe that you can write the first equation
almost immediately. What did you want to do at the
first moment?
S: To find a and then try.
I: You know already the later steps here?
S: I don't exactly know. But I think that would be OK
when both a and d are known.
Item 17
S: [Read the question. At the same time, she wrote
the list 28, 32, 36, 64 on paper. ]
.... So 64 is 28 plus (n - 1) times 4.
[Write an equation and then solve.]
n is 8. 8 rows.
I: What is this n?
S: I take it as the number of rows.
I: OK You may go on.
S: For (b)... that is S 8. Equal to 8 over 2 times..
Hmmm a, a? a, 28, 2a plus 7 d's. d is 4. 4 times
56 plus 7, 4, 28, 4 times 48 is 192. There are
192 seats.
Item 18
S: T 1, T 2, T 3, T 4, T 5 is 3. T 10 is 18...T k is 39.
k? [Pause.] T 10 is 18. T 5 is 3. 5, 15, difference
is 3. What is a? Difference is 3...T k is 39.
T k.... equals 39.... k is k T k minus 5 is
minus 5 is... T 1 is ..[pause] 3, a,...
4
Aha T 5 is a plus 4d and T 5 is 3 equal to 4d.
d is 3. 12, 3 minus 12, a is negative.... -9.
Yes, T k is 39. 39 is a, Hmm a, -9 plus ... (k - 1) d's
d is 3. That is, -9 plus 3k minus 3. [Solve the
equation.] k is 17.
I: Well, I want to know what you meant by T k minus 5.
S: I want to construct a new A.P.
I: So, it means ... Why 5?
S: It's T FIVE. T 5 is 3, given!
I: Thank you. You may go to part (b).
S: T 2 plus T 4 difference is., changed to 6.
Now the new difference. Add up to 14, that is 7 terms.
S 7 is, T 2 is -9 plus 3 equals -6. -6 ....
7 over 2 times -6 .... plus n .. 6 d's, d is 6...
fuse calculator] 72.
Item 19
S: [Read the question.] Their sum is., only one is
correct? ....Hmmm, 19, we don't know the first and the
last terms....very difficult... 23 minus 19 is 4.
The difference is 4. ... It would take a lot of time.
... I don' t know.
I: Please try a bit longer.
S: [Pause.] The difference is 4... difference is 4.
.... We don't know which term it is. Try these one
by one? ... It would be too long. ...Hmm. Really
difficult It is not given which terms these are.
Here are addition signs. So, [19 is] the 14th term at
most. Can I write down the 13 terms before them? ...
Very difficult. I want to give up.
I: OK Thank you. Let's try next.
Item 20
S: [Read the question slowly.] WHEN will they meet?
Ah...[seemed tired] [pause] WHEN?
Add up together? That is n over 2 times a, is 0.5,
d is 1, plus.... (n - 1) l's .... is 2 over n
[spoken wrongly, correct written form]
0.1 times 2 plus common difference is 2, (n - 1) times
2 [write an equation, equating the two.]
But? WHEN? Travel so much in the 1st second.
So much in the 2nd That is, this A, no this B
always travels faster than A one more time. [She meant
twice.] To go on like this, I doubt!.. I think this is
wrong. This is rather difficult. WHEN will they meet?
Can I stop here?
I: May I ask you why you equated the two sums here?
S: Hmm. They will meet when these two values are equal.
I mean they travel the same distance at the nth second
when they meet.
I: So this is the equation for it.
S: I think so.
1: Thank you very much. Let's stop here.
Sample 2 Protocols of Subject A12
(Poor performance group)
11 em 1
I: Please explain what is meant by an A.P. (arithmetic
progress ion).
S: That is, all numbers followed one and other.
I: What do you mean by followed?
S: The same.
1: All the numbers are the same.
S: No. I mean they are separated by the same difference.
I: What do you mean by separated?
S: That is... just like numbers with difference
I: OK Would you please give one example of an A.P.?
S: 1, 3, 5, 7, 9
I: Yes. Give one example that is NOT an A.P.
S: 1, 2, 3, 4
I: You mean this is NOT an A. P.?
S: ...2, 3, 5, 6
I: You want to give a new one or change the first one.
S: I think this is not an A.P.
I: By the way, in the following session, I would not tell
you whether your answer is correct or not. You just
work on your own. That is enough. When I say yes,
I do not necessarily mean that your answer is correct.
I only keep you going. You see.
S: Yes.
I tern 2
I: Now, you may go on reading the question on your own.
Please do remember to speak up.
S: (a) is an A.P.





S: (b) is not.
I: Why?
S: ...These differ by 2 [pointing to the first two
numbers]. These differ by 3 [the 2nd and 3rd numbers].
I: OK Next.
S: (c) is an A.P.
I: First term is. .
S: -3
I: Common difference..
S: Differ by 4.
I: We come to (d) then.
S: [Pause.] ....(d) is not.
I: Please explain. What do you find?
S: [Pause.]
I: Just try.
S: Because the numbers are almost all negative except the
first one.
I: Next is (e).
S: Yes. An A.P.
I: First term is?
S: x + 1.
I: Common difference is..
S: 2.
I: Part (f).
S: (f) is an A.P.




I: How do you get 10?
S: You get one more number each time. It's 10 times,
11 em 3
I: We come to item 3. Read the question.
S: [Read the question.]
I: Which are A.P.'s?
S: Both of them.
I: Why?
S: They all differ by 3 [point to the interval in the
horizontal direction].
I: All differ by 3?
S: Yes. Common difference
Item 4
S: [Read the printed question.]... Hmm. (a) is an A.P.
I: Why?
S: Since the symbols [p, q, r] are still in order.
I: In order? What order?
S: Alphabetical order.
I: OK How about (b)?
S: I don't know.
I: You mean you cannot determine.
S: Yes.
I: OK Next.
S : (c) is not [an A.P.]
I: Why not?
S: English alphabet not in order.
I: Not in order in this case? What order?
S: Is an A.P. Yes, an A.P.
I: OK Part(d).
S: (d) is not [an A.P.]
I: Why?
S: The order is reversed now.
I: May I ask you something more about order?
What do you mean by order exactly?
S:
I: For instance, now p, q, r is given as an A.P.
What in mind do you have that are A.P.'s?
S : a, b, c
I: Thank you.
I tern 5
S: [Read the question.] Sum of the three terms is
adding. [Use calculator to add 3, 7, 11.] 21
I: You may continue. I'll not disturb you.
S: Part(b), the 4th term and the 6th term, sum
[use calculator] 36
I: How do you arrive at this value?
S: The term following 19 is .... 21. The 4th term is




I: Please do speak up.
S: I don't know this. Find the 20th term. 5a + 9.
Is it 5a + 9 equals 20? .. I don't know.
I: OK Try (d).
S: The kth term is 95, find k....[Pause.]
The kth term is, the 1st term is 3, 4th term is
15. But what then? Count to 95? So how to find
k? .... May I stop?
I: You really don't want to try. OK Let's go on to the
next one.
T t p m R
S: [Read the question.] An A.P.... common difference
is 3 how many terms? ... 10, 13, 16, ..., 94
[Pause.] Can I list them here? [Repeat the question to
the interviewer.]
I: You are free to try any method you think possible.
There is no restrictions.
S: Well. 10, 13,...[writing down the numbers in all,
for the first time error at 82 and cannot reach 94,
the second time, find the mistake, protocol only
contains these numbers, so omitted]
[Count the number of numbers.] Should be 29 terms.
I tern 7
S: [Read the question.] .. 39 minus 27 ...Hmmm.
Should I divide it by 4? 3. x, y, z are all 3.
Kach to add 3 27 + 3 is 30. y is 33.
z is 36. Yes.
I: Why do you divide by 4?
S: To find the difference between these numbers.
I tern 8
S: [Read the question.] What is the nth term??
What is the meaning of this question? What to write
down? I give up this part(a). I don't know.
I: Well, you may try part (b).
S: (b) to add the first 20 terms.... Can I just write them
down.... 3, 9, 15, 21, 27, 33, [really list down these
numbers and use the calculator to add, but wrong answer]
[Omit the numbers here.]
(c) Find the sum from the 41st to the 60th term. Too
big. I think I would just give it up. .. We can do the
same thing for this problem.
I: Do you think you can try other method?
S: No.
I: OK You may proceed to the next part.
S: Part (d).. the 3rd term plus the 6th term plus...
An A.P...but how to add. The 3rd term is 15. The 6th
term is 33 [from above] ...Hmmm.. I just don't want
to continue... All the parts are the same. You can
write down the numbers and then add.
I: OK Let's stop here. But why do you think this is an
A. P.
S: These numbers [refer to the suffixes] are multiples
of 3.
I: Yes, these are multiples of 3. But that means ...
S: These show a regular pattern.
I: What pattern?
S: ... even or odd numbers or multiples
I: How about T3, Tg, T13, Tlg [writing down] ?
Is it an A.P.?
S: .... of course not.
11 em 9
S: The 11th term is -32. The 35th term is 64.
Common difference.... 64 minus -32, common difference
yes 35 minus 11 is 24. So 96 divided by 24.
But, what is this expression? ..[Pause.]
I remember something like this. But I don't know how
to go on. ... [Long pause.] [Stop eventually.]
Item 10
S: [Read the question.] Find the 27th term. What is a?
T n is a plus (n - 1) d's. T 27 is a plus (27 - 1)
d's. 6th term is 20.... 11th term is 50. Difference
is 30. Common difference is, is it .... 11 minus 6
is 5. Is it 6? .... Or
[Pause.] a and d are not known. I can't find them.
.... So.... No. [Looked confused.]..[Wanted to
withdraw again.] [Finally stop.]
I: You have not used the formula you just write down
here before. Why do you use it now?
S: I cannot remember itin the beginning. But when
I think of the 27th term, I seem to remember something
like this.
I: You have always subtracted terms. What would you
actually get?
S: I am not sure. But it must be connected with the
difference, I mean, the common difference. I just
can't remember.
I: Well. You have already given up a few problems. Do you
want to take a rest before the next items.
S: No. We just continue.
T t.fim 11
S: [Read the question.] ..Why? The common difference
seems to be different. [She refers to the three
given expressions.] They are not A.P....
[Pause.] Hmm. [Tired.]
I cannot see any pattern in these numbers.
9 with 4, 7 with 2 and 3 with 4....[Murmuring.]
[Stop after a long pause.]
I: Do you know what is x here?
S: No. Its value is not known.
I: Do you think you can get an A.P. by substituting
any value for x here?
S: Hmmm I don't understanding your question.
I: OK Thank you. Let's go to the next one.
Item 12
S: [Read the question.] Add from 8 to 78.
Get the sum. .. 8, 15, difference 7,
8, 15, 22, [Use the calculator to add
them.] [But reach 80 instead of 78. Error with
the listing of numbers.]
[Get a wrong answer for the sum.]
I: Well. You see. Although we can add up A.P.'s directly,
it's likely that mistakes would be made when the
number of terms is great. So that is the use of
formulas. But you have not used a formula up to now.
Can you recall the formula?
S: I remember something like this.
[Write down Sn = n(2a - l)d2. ]
But, I think this is probably wrong.
I: Why do you think it is wrong?
S: I used it in the test yesterday [the written problem -
solving test]. But sometimes the answers contain
decimals. So I just don't think it is right.
I: So you don't use it today?
S: ... Yes..
1: OK Let's go on.
Item 13
S: [Read the question.] 324, 308,.. decreasing ....
...the common difference is [using calculator]
16... each term minus 16.... [start to work on
the calculator by deducting 16 successively]
The answer is -12.
I: Do you mean this is the first negative term?
S: Yes.
I: Are you sure of this answer?
S: I just find it by direct subtraction. Maybe I
have made a mistake again. I can t guarantee.
Item 14
S: [Read the question.] Exclude the multiples of 3.
Add up the numbers. 1, 2, 3, 4, until 60. Well ..
1 plus 60 is 61. 2 plus... 59 is 61. 3 plus ... 58
is 61. [These numbers are written down and join
up by lines when she adds.] But exclude the
multiples of 3, 3 is not added.... Ah .. 60 is not
added.... So ... How can we add? .. 1 is added to 59.
60. 2 added to 58 is 60. Aha. .4 is added to....
[Pause.] I do not remember the trick here. I know
there is a trick that works at this point. But I
forget it now. ...[Cannot pair up numbers correctly
again. The linking becomes random.]
....[Stop after unsuccessful trials.]
I: Well. Here you pair up the numbers. How do you
doscover this?
S: That is taught in class. When we have A.P.'s,
I remember that we can do this and the sum of these
nai rs are ecmal .
I: What use is this?
S: There's a trick to use it. But I can't recover it
now.
T t em 15
S: [Read the question.] ... Again sum of A.P.
133 minus 42 .... that's useless. Common difference.
We just can't start to list the numbers. The second
term is not given How can we get numbers with
this total? .... I don't think I can. [Stop.]
I: Maybe we try one or two more items before we stop for
today.
S: Hmmm. [Appeared to be bored.]
Item 16
S: [Read the question.] A.P.... common difference..4
...three times the 5th term. Find the sum of the
11th term to the 16th term... Common difference is 4.
Difference between 16th term and 11th term
No...find the sum..[Pause.]
I just can't try anything. I don't know even one term.
.... It's very difficult. I certainly can't solve
it.
I: Well. Let's try the last item then
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Item 17
S: [Read the question.] ..every row increases 4 seats.
The 2nd row is 32. ...every row...so on.... Adding this
we have the 64 seats in the last row. [Start writing
down numbers.] 36, 40, 44, 48, 52, 56, 60, 64...
One two three... [counting silently] ten. 10 rows.
The total number of seats is by adding these numbers.
[Use calculator to add all these numbers.] There are
460 seats.
I: Can you use other methods to solve this problem
apart from direct counting and addition?
S: I cannot remember the correct form for summation.
I: How about the number of rows?
S: Hmm. It's straightforward here.
I: If there are many rows, would you count?
S: I think we can still count. But it would be time
consuming.
I: OK Thank you very much for coming to this interview.


